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init unsafe
P

System modelled by a transition system TS.
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1st step k-th step
init 2nd step -+ unsafe
P

Reachability analysis of non-probabilistic finite-state systems based on Cl.
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Outline

Craig interpolation

SSMT problems

Resolution Calculus for SSMT problems

Generalized Craig interpolation for SSAT and SSMT problems

Conclusion and future work.
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Craig interpolation

THEOREM 1 (CRAIG

INTERPOLATION [CRAB5T7])

Let A and B be closed FOF. If A — B is
valid, there exists a formula Z such that:

e A>T

eZ— B
e Var(Z) C Var(A) N Var(B).
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Example 1 (SIMPLE CRAIG INTERPOLANT)

Let A=PAQ, and B=R — Q, then:
e A— B,
e A— Q,
e Q— B,
e Q C Var(A)n Var(B), and
e 7 = Q (valid Craig interpolant).
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Appliation of Craig Interpolation

Craig Interpolations is used as generalizations in:

@ consistency proofs,
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Appliation of Craig Interpolation

Craig Interpolations is used as generalizations in:
@ consistency proofs,

@ model checking in particular from BMC, to unbounded model
checking [McMO03]

A -B
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Appliation of Craig Interpolation

Craig Interpolations is used as generalizations in:
@ consistency proofs,
@ model checking in particular from BMC, to unbounded model
checking [McMO03]

to t1 to t3
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@ Theorem provers [BGKK13].
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Appliation of Craig Interpolation

Craig Interpolations is used as generalizations in:
@ consistency proofs,
@ model checking in particular from BMC, to unbounded model
checking [McMO03]

to t1 (5] t3

A— — =B

7z

Theorem provers [BGKK13].
Compositional SMT [AM13].
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Stochastic Satisfiability Modulo Theories

Stochastic Boolean Satisfiability SSAT [Pap94]
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Stochastic Satisfiability Modulo Theories

Stochastic Boolean Satisfiability SSAT [Pap94]
= Boolean Satisfiability + Randomized quantifiers

Stochastic Satisfiability Modulo Theories SSMT [FHT08]
= Satisfiability Modulo Theories + Randomized quantifiers

A. Mahdi (Hybrid systems) Generalized Craig Interpolation



Department of Computer Science CAne
Chair of ossIETZKY
. universitdt(OLDENBURG
Hybrid systems

Stochastic Satisfiability Modulo Theories: Syntax
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Stochastic Satisfiability Modulo Theories: Syntax

SSMT formula Q : ¢
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Stochastic Satisfiability Modulo Theories: Syntax

SSMT formula Q : ¢
© prefix Q of quantified variables
o dx € Dy : Dy is finite. Eg {1,2,5,6}
® Y[y spr,en ool Zp, =1 Eg
{1+~ 0.5, 25»—>021 7+ 0.11,10 — 0.18}
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Stochastic Satisfiability Modulo Theories: Syntax

SSMT formula Q : ¢
© prefix Q of quantified variables
o dx € Dy : Dy is finite. Eg {1,2,5,6}
© Y[vispr,.. Vo pal Z pi=1 Eg.
{1+~ 0.5, 25»—>021 7+ 0.11,10 — 0.18}

@ SMT formula ¢ (matrix), e.g.
= (x<2Vsin(y)) A (a=true)...

A. Mahdi (Hybrid systems) Generalized Craig Interpolation 11 /37
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SSMT: Quantification

3x 1 ¢ l.e., for some value ¢ holds.
dx : ¢ le., for random values ¢ holds.

Randomized quantification to describe probabilistic events:

Figure: Y¥X(head—0.5, tail—0.5]

A. Mahdi (Hybrid systems) Generalized Craig Interpolation



Department of Computer Science CARL
Chair of ossmvz?:
. universitdt|OLDENBURG
Hybrid systems

SSMT: Quantification

3x 1 ¢ l.e., for some value ¢ holds.
dx : ¢ le., for random values ¢ holds.

Randomized quantification to describe probabilistic events:

Figure: HX[2,_>0_5’1,_,0V57”_]...
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Stochastic Satisfiability Modulo Theories: Symantic

The semantics of an SSMT formula & is given by its maximum probability
of satisfaction Pr(®) defined as follows:
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Stochastic Satisfiability Modulo Theories: Symantic

The semantics of an SSMT formula & is given by its maximum probability
of satisfaction Pr(®) defined as follows:

0 if v is unsatisfiable,
1 if ¢ is satisfiable,

Pr(aiso):{
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Stochastic Satisfiability Modulo Theories: Symantic

The semantics of an SSMT formula & is given by its maximum probability
of satisfaction Pr(®) defined as follows:

0 if v is unsatisfiable,
1 if ¢ is satisfiable,

Pr(aiso):{

Pr(3x € Dy ©® Q : ) = max,ep, Pr(Q : ¢[v/x]),
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Stochastic Satisfiability Modulo Theories: Symantic

The semantics of an SSMT formula & is given by its maximum probability
of satisfaction Pr(®) defined as follows:

_~ _ | 0 ify is unsatisfiable,
Pre:¢) = { 1 if o is satisfiable,
Pr(3x € Dy ©® Q : ) = max,ep, Pr(Q : ¢[v/x]),

Prd%x € Dx® Q: ) = d(v)- Pr(Q: p[v/x])
VGDX

The quantifier-free SMT formula @ is called the matrix of ¢

A. Mahdi (Hybrid systems) Generalized Craig Interpolation 13 / 37
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Example:

¢ =3x€ {2,348 022 043 5 04y €{1, 2,3} 1 (x+y >3V2-y —x>3)A(x <4)

Pr(®) = max(0.8,1.0) = 1.0

~. x=4

-
Pr=0.0

= = = = yz/l//y12\y\:3
X v X
unsaﬁ sat sat sat sat sat unsaﬁ unsaﬁ unsaﬁ

Pr=0 Pr=1 Pr=1Pr=1 Pr=1 Pr=1Pr=0 Pr=0 Pr=0

Figure: An example of SSMT formula, the selected part will be traversed and the
other part will be pruned from the search space.

A. Mahdi (Hybrid systems) Generalized Craig Interpolation 14 / 37
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Resolution Calculus for SAT and SMT

(Sound and Complete SAT resolution calculus)

(G VX)A (G VX))
(C1 V CQ)

x,7x ¢ (CiV G) (SAT-Resolution [Rob65])
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Resolution Calculus for SAT and SMT

SMT Theories (R, Q, Z)

relax by ICP as in iSAT

Simple bounds i.e. x <3
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Resolution Calculus for SAT and SMT

SMT Theories (R, Q, Z)

% relax by ICP as in iSAT

Simple bounds i.e. x <3

(Sound and Complete SMT resolution calculus)

(Q:(GVvx~a)A(GVx~' b))
(Cl\/CQ)

Ox : (x ~a)A(x ~' b)F false
(SMT-Resolution)

where ~,~'e {<, <, >, >},

A. Mahdi (Hybrid systems) Generalized Craig Interpolation 16 / 37
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(BASE CASE)

(RR.1)

3x € {1,5,6}, 94503175071y 1 (x <3Vy >10V z > 12) A (x > 5)

(x<3Vy>10Vz>12)0 (x > 5)°

(1)
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Resolution of SSMT

(FALSIFICATION RULE)

cC{x~al|xe Var(c)}, £ ¢, Q(c) = Q1x1...Qixi,
for each T : Var(p) li— SB with Vx € Var(p) : 7(x) in ff(x ~ a) :
= plr(a)/xd]. - [r(xi) /xi]

cl

universitdt|OLDENBURG

(RR.2)

v

Example 1

dx € {175’6}7}5{[41—)0.3,17'%0.7].)/ . (X < 3 \/y >10Vz> 12) VAN (X > 5)
(y <10 A (z <12)F

(1)

v
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Resolution of SSMT

(RESOLUTION IN CASE OF FREE VARIABLE)

(x~ava),(x~ bVe)? 0O,¢ 9,
(3x : x ~aAx~"b)F False, £ (c1 V )
p = max(p1, p2) (RR.3¢)
(C1\/C2)p €

universitdt|OLDENBURG

v

Example 1

Ix € {1,5,6}, 90317507y : (x <3Vy >10Vz>12)° A (z < 12)*
(y >10Vvx<3)!
(1)

v
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(RESOLUTION RULE BETWEEN CLAUSES)

(x ~aVa)P,(x~ bVe)P, (Qx:x~aAx~" bt False)
€ QF(aVe)

. { max(p1, p2) ifQ=1

| pr-Pr(x~' b))+ pa- Pr(x ~a) ifQ=¥yP

(@ Vo) (RR.3)

v

Example 1

Ax € {1,5,6}, ¥4 03,1707 : (¥ > 10V x < 3)1 A (y < 10)*
(x <3)t
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Resolution of SSMT

(RESOLUTION RULE BETWEEN CLAUSES)

universitdt|OLDENBURG

(x ~aVa)P,(x~ bVe)P, (Qx:x~aAx~" bt False)
O« € Q,F(aVe)
[ max(p1, p2) if Q =3
| p1- Pr(x~" b)+ p- Pr(x ~ a) if Q = YPx (RR23)
(C1 V Cg)p
Example 1
Ix € {1,5,6}, 90317507y : (x < 3)PA (x> 5)° (1)
B

v

A. Mahdi (Hybrid systems) Generalized Craig Interpolation 17 / 37



Department of Computer Science CAne
Chair of ossIETZKY
. universitdt(OLDENBURG
Hybrid systems

Generalized Craig Interpolants for SSMT

Idea: The same as GCI for SSAT [TF12]; namely:
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Generalized Craig Interpolants for SSMT

Idea: The same as GCI for SSAT [TF12]; namely:

@ we apply the same procedure as in SSAT i.e. adding =Sa g
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Generalized Craig Interpolants for SSMT

Idea: The same as GCI for SSAT [TF12]; namely:

@ we apply the same procedure as in SSAT i.e. adding =Sa g

@ we combine the previous procedure with iSAT reasoning technique i.e.
simple bounds.
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Generalized Craig Interpolants for SSMT

Idea: The same as GCI for SSAT [TF12]; namely:

@ we apply the same procedure as in SSAT i.e. adding =Sa g

@ we combine the previous procedure with iSAT reasoning technique i.e.
simple bounds.

@ we can use either Pudldk or McMillan mechanisms.
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Generalized Craig Interpolants for SSMT

Idea: The same as GCI for SSAT [TF12]; namely:

@ we apply the same procedure as in SSAT i.e. adding =Sa g

@ we combine the previous procedure with iSAT reasoning technique i.e.
simple bounds.

@ we can use either Pudldk or McMillan mechanisms.
e this interpolant is the generalized one (SAT, SMT, and SSAT).

. Mahdi (Hybrid systems) Generalized Craig Interpolation
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Generalized Craig interpolation: Idea

Figure: Generalized Craig interpolation [TF12] —
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DEFINITION 1 (GENERALIZED CRAIG INTERPOLATION—PUDLAK

EXTENSION)

o Let A and B be some SMT formulae where V4 := Var(A) \ Var(B)
={a1,..., an}, Vg := Var(B) \Var(A) = {b, ..., bg},
Va g := Var(A) N Var(B),

e A®=13a;,...,a,: A, and
o B' =-3by,....bs : B.

An SMT formula T is called a generalized Craig interpolant for (A, B) if
and only if the following properties are satisfied:

4 Var(I) C VA,B:
o Er (AAAB) T,
o . T — (AAVE)
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DEFINITION CONT.

GCl is computed according to the following rules:
ckricP,
False, ce€ A
7= ’ GR.1
{ True, ce€ B ( )
(cP,T)
= R.2 cP
Z is any formula over V4 g (GR.2)
(cP,Z)
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(x~aVva)l,Zi),((x ~ bV @), 1), (x ~aAx ~ bt false)
(x~ava),(x~bVa)?trs(aVea)P,

universitdt|OLDENBURG

T1 VI if x € Vy (GR.3)
7= I1 NI ifx € Vg
(XNa\/Il)/\(XNb\/Ig) I'fXGVA’B
((aaVe)P,I)

_ { max(py, p2) Q=3
p{ p1 - Pr(x ~ b) + ps - Pr(x ~ a) if Q = ¥P= (GR4)

v
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Example 2

d.ae{2083—02},3xe{1,2}, 9y e {l—05205},abe {20332 0.7}:

(y+05<2)A(x<L7)A(a+1<33Vx—1>1)A(2-y>37Vbh<3)
A B

(a+1<33vx—-1>1°T (x<17)°%F (y+05<2)°F (2-y>37vb<3)°T ; %
(a y b #2)°,
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¥.ae {2 08,3 02},3.x € {1,2},4.y € {1~ 05,2 0.5},4.b € {2+ 03,32~ 0.7} :
(y+05<2)A(x<L7)A(a+1<33Vx—1>1)A(2-y >3.7Vb<3)

\/

GR.1 *GR.J *GR.J *GR.I 5
(a+1<33vx—-1>1°T (x<17)°%F (y+05<2)°F (2-y>37vb<3)°T

(a#2Ax y b #2)*, DC
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¥.ae {2 08,3 02},3.x € {1,2},4.y € {1~ 05,2 0.5},4.b € {2+ 03,32~ 0.7} :
(y+05<2)A(x<L7)A(a+1<33Vx—1>1)A(2-y >3.7Vb<3)

\/
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NV

(a#2Ax#1Ay#1)°3, DC

b

(a#2Ax#1)%15, y <151 DC
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¥.ae {2 08,3 02},3.x € {1,2},4.y € {1~ 05,2 0.5},4.b € {2+ 03,32~ 0.7} :
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(a#2Ax#1Ay#1)°3, DC

b

(a#2Ax#1)%15, y <151 DC

b/

(a#2)%1% x =2V (y <1.5ADC)

v/

#°12, x =2V (y < 1.5 ADC)

lGRH?

(a+1<33)° x<17
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@ An approach to compute Craig Interpolant for SSMT problems
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@ An approach to compute Craig Interpolant for SSMT problems

@ Cl is computed regardless of the linearity of a formula.

A. Mahdi (Hybrid systems) Generalized Craig Interpolation



Department of Computer Science CAne
Chair of ossIETZKY
. universitdt(OLDENBURG
Hybrid systems

Conclusion

@ An approach to compute Craig Interpolant for SSMT problems
@ Cl is computed regardless of the linearity of a formula.

e All SAT, SSAT, SMT (linear, non-linear, integer and rational)
problems are also covered by this approach.
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Conclusion

@ An approach to compute Craig Interpolant for SSMT problems
@ Cl is computed regardless of the linearity of a formula.

e All SAT, SSAT, SMT (linear, non-linear, integer and rational)
problems are also covered by this approach.

@ iSAT interpolants are not simple ones, due to non-linear constraints
and ICP ©.
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Future Work

@ proper approach to compute S4 5 @©.
@ slackness of interpolants ®©.
o integrate GCI with stochastic CEGAR loop.
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