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MORGAN-STONE LATTICES

ALEXEJ P. PYNKO

ABSTRACT. Morgan-Stone (MS) lattices are axiomatized by the constant-free
identities of those axiomatizing Morgan-Stone (MS) algebras. Applying the
technique of characteristic functions of prime filters as homomorphisms from
lattices onto the two-element chain one and their products, we prove that the
variety of MS lattices is the abstract hereditary multiplicative class generated
by a six-element one with an equational disjunctive system expanding the
direct product of the three- and two-element chain distributive lattices, in
which case subdirectly-irreducible MS lattices are exactly isomorphic copies
of nine non-one-element subalgebras of the six-element generating MS lattice,
and so we get a 29-element non-chain distributive lattice of varieties of MS
lattices subsuming the four-/three-element chain one of “De Morgan” /Stone
lattices/algebras (viz., constant-free versions of De Morgan algebras)/(more
precisely, their term-wise definitionally equivalent constant-free versions, called
Stone lattices). Among other things, we provide an REDPC scheme for MS
lattices. Laying a special emphasis onto the [quasi-]equational join (viz., the
[quasi-]variety generated by the union) of De Morgan and Stone lattices, we
find a fifteen-element non-chain distributive lattice of its sub-quasi-varieties
subsuming the eight-element one of those of the variety of De Morgan lattices
found earlier, each of the rest being the quasi-equational join of its intersection
with the variety of De Morgan lattices and the variety of Stone lattices. In
this connection, we also prove that any relatively simple relatively subdirectly-
representable abstract hereditary multiplicative subclass of the equational join
of the varieties of De Morgan lattices/algebras and Stone ones is a sub-variety
of the former.

1. INTRODUCTION

The notion of De Morgan lattice, being originally due to [11], has been indepen-
dently explored in [7] under the term distributive i-lattice w.r.t. their subdirectly-
irreducibles and the lattice of varieties. They satisfy so-called De Morgan identities.
On the other hand, these are equally satisfied in Stone algebras (cf., e.g., [5]). This
has inevitably raised the issue of unifying such varieties. Perhaps, a first way of
doing it within the framework of De Morgan algebras (viz., bounded De Morgan
lattices; cf., e.g., [1]) has been due to [2] (cf. [18]) under the term Morgan-Stone
(MS) algebra providing a description of their subdirectly-irreducibles, among which
there are those being neither De Morgan nor Stone algebras. Here, we study un-
bounded MS algebras naturally called Morgan-Stone (MS) lattices. Demonstrating
the usefulness of the technique of the characteristic functions of prime filters and
functional products of former ones as well as disjunctive systems, we briefly dis-
cuss the issues of subdirectly-irreducible Morgan-Stone lattices and their varieties.
Likewise, summarizing construction of REDPC schemes (cf. [4]) for distributive
lattice| expansion]s originally being due to [6] [and [8, 16]], we provide that for
Morgan-Stone lattices and an enhanced one for the {quasi-}equational join of De
Morgan and Stone lattices. Nevertheless, the main purpose of this study is to find
the lattice of sub-quasi-varieties of the latter upon the basis of that of the variety
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2 A. P. PYNKO

of De Morgan lattices found in [13]. In this connection, we also prove that any rela-
tively simple relatively subdirectly-representable abstract hereditary multiplicative
subclass of the equational join of the varieties of De Morgan lattices/algebras and
Stone ones is a sub-variety of the former.

The rest of the work is as follows. Section 2 is a concise summary of basic
set-theoretical and algebraic issues underlying the work. Then, in Section 3 we
briefly summarize general issues concerning REDPC in the sense of [4] as well as
equational implicative/disjunctive systems in the sense of [15]/[14] in connection
with simplicity/“subdirect irreducibility”. Next, Section 4 is devoted to prelimi-
nary study of Morgan-Stone lattices. Further, Section 5 is a thorough collection of
culminating results on sub-quasi-varieties of the [quasi-Jequational join of De Mor-
gan and Stone lattices. Finally, Section 6 is a concise collection of open issues and
necessary statements.

2. GENERAL BACKGROUND

2.1. Set-theoretical background. Non-negative integers are identified with the
sets/ordinals of lesser ones, “their set/ordinal”|“the ordinal class” being denoted
by w|oo. Unless any confusion is possible, one-element sets are identified with their
elements.

For any sets A, B and D as well as § C A2, h: A — B and g : A2 — A, let
©1x]((B,)A) be the set of all subsets of A (including B) [of cardinality in K C oo],
(Aalvo) [(A/D)]XE) 2 ({a,al6l{a}]) | a € AYwslAII(((A N B) x {1}) U ((A\
B) x {0}))), A+ & (UrﬂE(w\(OH))Am)’ he : A* — B* :a+— (aoh) and gy :
AT — A ([{a,b),]c) — [9](Jg+((a, b)),]c), A-tuples {viz., functions with domain A}
being written in the sequence form ¢ with t,, where a € A, standing for 7, (%).
Then, for any (a|C) € (A*|p(A)), by induction on the length (viz., domain) of

any b = ([c,d]) € A*, put ((a*b)|(b(N/\)C)) = (([(Jalsc, )I([c(N/\)C( D))

provided d € / ¢ C)]. Likewise, given any S € p(D)? and f € SA let
beB b

(ITf) : A= (Ilpep Sb)sa — (fo(a))vep, in which case

(2.1) ker([TH) = (A0 ([) (ke 1)),

beB

(2.2) voeB:fy = (J[FH)eom),

fo x f1 standing for ([] f), whenever B = 2.

A lower/upper cone of a poset P = (P,<) is any C' C P such that, for all
acCandbeP,(a=2/<b)= (beC) Then,an a € S C P is said to be
minimal/mazimal in S, if {a} is a lower/upper cone of S, their set being denoted
by (min / max)p <(5), in case of the equality of which to S, this being called an
anti-chain of P.

An X € Y C p(A) is said to be [K-Jmeet-irreducible in Y, [where K C o0,
it vZ € pi(Y) : ((AN(NZ)) = X) = (X € Z), their set being denoted by
MI[K](Y)7 “finitely-" standing for “w-" within any related context. Further, a
closure operator over A is any unary operation on p(A) such that VX € p(A),VY €
p(X): (XUC(C(X))UC(Y)) C C(X). Finally, a closure system over A is any
C C p(A) containing A and closed under intersections of subsets containing A, any
B C Cwith C={AN(NS) | 8 C B} being called a (closure) basis of € and
determining the closure operator Cz = {(Z, AN (N(XNp(Z,A)))) | Z € p(A)}
over A with (img Cg) = €. Conversely, img C' is a closure system over A such that

Cimg ¢ = C, forming a complete lattice under the partial ordering by inclusion with
meet /join (A4 /C)(AN((N/U)8)) of any 8 C (img C), C and img C' being called
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dual to one another. Then, C(X) € (imgC) is said to be generated by an X C A,
elements of Clgp,,/2\1)(A)] being said to be finitely-generated/principal.

2.2. Algebraic background. Unless otherwise specified, we deal with a fixed but
arbitrary finitary functional signature X, ¥-algebras/ “their carriers” being denoted
by same capital Fraktur/Italic letters (with same indices, if any) “with denoting
the class of all [one-element]| ones by A[z:: 1]”/ . Given any a € (00 \ 1), let Tmg,
be the carrier of the absolutely-free ¥-algebra Tm$:, freely-generated by the set
Vo & {15} pea of (first ) variables, and Eq$, = (Tm$)?, ¢ ~ /[< | Z]v, where
¢, € Tm$ /[land B4 £ {A,V} C %] meaning (¢[V| A1],1) “and being called a
Y-equation of rank o’ /. /[Likewise, for any Y-algebra 2 and a,b € A, a(< | =)%b
stands for a = (a(A[V)?b).] Then, any (I',®) € (Poo/(1(uw)) (Bas) x Eqs) /“with
a € w” is called a X-implication/-[quasi-fidentity of rank «, written as I' — ® and
identified with @, if I' = &, as well as treated as the universal infinitary /first-order
strict Horn sentence Vgeqzg((AT') — @), the class/set of those of any /finite rank
true in a K C Ay, being called the implicational/[quasi-]equational theory of K and
denoted by (7/[9]€)(K).

Subclasses of Ax “closed under I|S]| / “containing each Y-algebra with fi-
nitely-generated subalgebras in them” are referred to as “abstract|hereditary| [ultra-
|| sub-Jmultiplicative” /local (cf. [10]). Then, a skeleton {of a(n abstract) K C Ag} is
any S C Ay, without pair-wise distinct isomorphic members {such that S C K C IS
(ie., K=1S)}. Given a K C Ay > 2, set hom®™ (2, K) £ {h € hom(2,B) |
B € Kl&(imgh) = B} and Cok () £ {6 € Co(A) | (/) € K}, whose elements
are called K-(relative )congruences of 2, A < K standing for A € ISK and thus
providing a quasi-ordering on Ay, in which case, by the Homomorphism Theorem,
we have

(2.3) ker[hom®! (2, K)] = Coqjasyk (™),

plSDIUL

and so “by the Homomorphism Theorem”|, for all B € Ay, and h € homS‘(S”)(%m,
AIB):
(2.4) V6 € (Coyjas))k (B) N p((ker h)|Ap, B?)) :
hl*(il)[e} S (CO[(I|(IH(IS)))K] (Ql) N p(AAKker h), A2>),
VIR V160 = (0 0 (BIR[A])?)

“yielding an isomorphism between the posets Copk) (B)Ngp(ker h, B) and Copy ()
ordered by inclusion” |, while, as, for any set I, B € AL and f € (IL;e; hom(2L,8;)):

(2.5) (] £) € hom(2, ] B4),
iel
by (2.1) and (2.2) with I £ Coyjas)k () for B, B £ (B/i)icr, D £ (U,c; Bi) and
2 (vi)ier, we get:

f
(2.6) (2 € IPSP(I(IS))K)) < (A% N ([ ker[hom® (A, K)])) = A),

whereas, since, for any I £ 6 C Coyq (%), § £ (42N (NO)) € Co(A), B £
A /i)ier € (As(NK))" as well as, by the Homomorphism Theorem, f £ vy 'o
ViYier € ([];c; hom(A/6,;)), taking (2.1), (2.2) and (2.5) into account, we see that
e £ (T[ f) is an embedding of 2/6 into € £ (],.; B;) such that €[(imge), being
isomorphic to 2/6, is a subdirect product of B ( in which case (2/6) € IPSPK, and
so, providing K is both abstract and sub-multiplicative, 8 € Cok(2l)). In particular,
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[providing K is both abstract and sub-multiplicative], Coyk) () is a closure system
over A2, the dual closure operator being denoted by Cgﬁl(].

According to [17], pre-varieties are abstract hereditary multiplicative subclasses
of Ay, (these are exactly model classes of theories constituted by 3-implications of
unlimited rank, and so are also called implicative/implicational; cf., e.g., [3]/[13]),
ISPK = IPSD(I)S[>1]K = Mod(JI(K)) being the least one including and so called
generated by a K C Ag. Likewise, [quasi-Jvarieties are [ultra-multiplicative] pre-
varieties closed under HM[2 T] (these are exactly model classes of sets of -
[quasi-]identities of unlimited finite rank, and so are local and also called [quasi-
Jequational; cf., e.g., [10]), HUSP[PV]K = Mod([Q]J(K)) being the least one in-
cluding and so called generated by a K C Ay. Then, intersections of a K C Ay with
[quasi-]varieties are called its relative sub-[quasi-Jvarieties, in which case, for any
€ C Eqg,

(2.7) (IPSP (K) N Mod(€)) = IPSP (K N Mod(€)),

and so S — (SN K) and R — IP5PR are inverse to one another isomorphisms
between the lattices of relative sub-varieties of IPSPK and those of K.

Then, a [pre-]variety P C Ay is said to be [relatively] congruence-distributive, if,
for each 2 € P, Coppy () is distributive.

Finally, [given an abstract K C Ay| an 2 € Ag[NK] is said to be [K-{relatively
}Jsimple/(finitely- )subdirectly-irreducible, if A 4 € (maxc /MI(w))(Co[K] 0\ ({A%}/
@)), in which case |A| # 1, the class of (those of) them (which are in a K' C Ay)
being denoted by (Si/SI(“’))[K]<(K')> and, by (2.4), being abstract (whenever K’
being so), and so, by (2.3) and (2.6),

(2.8) (Si|SI)gpsn (syk (IPSP(S)K”) C I(S., )K",

for any K” C Ay. Then, a [pre-]variety P is said to be [{relatively}] (finitely)
semi-simple/subdirectly-representable, if

(STiiy, (P)/P) | = (Sijpy (P)/TPP (S / SI™) (py) (P)),

any variety V C Ay, being well-known, due to Birkgoff’s Theorem, to be subdirectly-
representable.

3. PRELIMINARIES: QUATERNARY EQUATIONAL SCHEMES

A quaternary X-(equational )scheme is any U C Eqé. This is called an implica-
tion scheme for a K C Ay, if this satisfies the X-implication:

(3.1) ({zxg = 21} UD) — (22 = x3).

Likewise, it is called an identity|reflexive|symmetric|transitive one, if K satisfies
the X-implications of the form (&|@|0|(C U (O[za+i/xs4i)ic2))) — ¥, where ¥ €
(O([zs/x2]|[rori/Tilic2|[xs /22, xa/x3]|[T3/x4])), reflexive symmetric transitive ones
being also called equivalence ones. Then, U is called a congruence one, if it
is an equivalence one, while, for each ¢ € ¥ of arity n € (w\ 1), K satisfies
the Y-implications of the form (U;c, (Olv2+i/T21it2j)lic2)) — ¥, where ¥ €
(Olz24i/s({Toyit(2j))jen)]ic2).] Finally, U [being finite] is called a “restricted
equationally definable principal {relative} congruence (REDP{R}C)”/“(equatio-
nal) implicative|disjunctive scheme/system for a “{pre-}variety”/ K C Ay, if, for
cach 2 € K and all a € A% (V0 € (Copqy(A)/{A4}) : ((ap,a1) € | € 0) =
((az,a3) € 0)) & (A &= (AO)[zi/ai)icr [cf. [4]/[15]|[14]] /“and so for IS[PV]K,
(pre-varieties generated by classes of) Y-algebras with [finite] implicative|disjunctive
system U being called ([finitely]) U-implicative|-disjunctive with the class of U-
implicative|-disjunctive members of any K’ C Ay, denoted by Kj; “in which case U,
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being an implication scheme for (the pre-variety generated by) K, providing this
is quasi-equational, includes a finite one, by the Compactness Theorem for ultra-
multiplicative classes of algebras [10]”|, and so implicative quasi-varieties, being
thus finitely so, are exactly those in the original sense of [15]. Then, by Remark 2.4
therein, quasi-equational/finitely implicative pre-varieties are finitely disjunctive.

3.1. Implicativity versus REDPRC and relative semi-simplicity.

Lemma 3.1. Let G C Eq‘é be an implication scheme for a [pre-Jvariety P C Ay,
AeP, abe A2 and 6 = Cgﬁg] (@). Suppose A = (A\O)[xi/a;, v24i/bilica. Then,
bed.

Proof. As (3.1) is true in P > (%4/0) = (AU)[xi/ve(a:), vati/ve(bi)]ic2, while a €
0 = (kervy), we get b € 6. O

Corollary 3.2. Let U C Eqs, be an implication/REDPC scheme for a [pre-Jvariety
P CAsx. Then, Ps C / = (Sip(P) U ASYH). In particular, any implicative [pre-
Jvariety is [relatively both] semi-simple [and subdirectly representable].

Proof. Consider any non-one-element 2 € Py and 9 € (Cop)(™A) \ {A4}), in
which case there is some @ € (¥ \ Aj) # @, and so, for any b € A%, A |=
(AU)[zi/ai, v21i/bilica. Then, “by Lemma 3.17/ b € ¢, in which case ¥ = A2,
and so 2 is [P-]Jsimple. Conversely, for any A € Sijpj(P), Cop (%) = {A4, A%}, in
which case, for all @ € A%, as (az,a3) € A, we have (V0 € Copy(2) : (ag 0 a1) =
(a2 0 a3)) < ((ap = a1) = (a2 = a3)), and so A is U-implicative, whenever U is an
REDP[R]C scheme for P > 2L. O

Theorem 3.3. Any U C Eq% is an identity congruence implication scheme for afn
equational] pre-variety K C Ax, if[f] it is an REDPC one.

Proof. The “if” part is immediate. [Conversely, if U is an identity congruence
implication scheme for K, then, by induction on construction of any ¢ € Tm$, we
conclude that K satisfies the X-identities in U[xa;/(@[ro/2;])]ic2, in which case, by
Mal’cev Lemma [9] (cf. [4, Lemma 2.1]), for any A € A, @ € A2 and b € Cg®(a), we
have A = (A U)[zi/a;, T2+i/bilic2, and so Lemma 3.1 completes the argument]. O

This, by Lemma 3.1 and the Compactness Theorem for ultra-multiplicative
classes of algebras (cf. [10]), immediately yields:

Corollary 3.4. Any quasi-variety with REDPRC scheme U has a finite one C U.

Theorem 3.5. Let U C Eqé, Then, any [pre-Jvariety P C Ax, is U-implicative
iff it is [relatively both subdirectly-representable and] semi-simple with REDP[R]C
scheme U, in which case ((SI|Si)p)(P)UAS!) = Ps.

Proof. If P is U-implicative, that is, is the pre-variety generated by Py, then, for any
2l € P and a € A* such that A & (A U)[z;/a;]ica, by (2.6), there are some B € Py
and h € hom(2A, B) such that B = (A U)[zs/h(ai)lics, that is, h(ag2) = | # h(ays),
in which case, by (2.3), {(ag|2,a13) € | € (kerh) € Cop)(), and so Lemma 3.1,
Corollary 3.2 and Birkgoff’s Theorem complete the argument. O

3.1.1. Generic identity equivalence implication schemes for distributive lattice ex-
pansions. Here, it is supposed that ¥y C ¥. Given any 2 € Ag, X C A and
Q C Tmy,, we have Q% : A — p(Q),a — {p € Q| p*(a) € X}.

Given any ¢ € (Tmy)* with 29 € E 2 (img@), t € Q € p(V1,Z), i € 2 and
A€ p(E) let egn = (A{(ENA) = (BN A) o [zo/21]), tr214))) S (V4{(@\ A)
(¢ \ A) o [zo/1]), e(w3-0))) € Eas, and UG £ {el5 | i € 2,0 € QA € p(E)} €
P (Eds,)-
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Lemma 3.6. Let A be a Y-algebra with (distributive) lattice ¥, -reduct, ¢ €
(Tmg)* with 29 € E 2 (img@) and Q € p(V1,Z). Then, U§ is an identity re-
flexive symmetric (transitive implication) scheme for 2.

Proof. Clearly, for all j € 2, 1 € Z and A € p(Z), there are some ¢,1,§ € Tms,
such that (e2'A[z3/z2]) = (¢ A €) £ (¥ V€)), in which case this is satisfied in
lattice Y-expansions, and so in 2(. Likewise, there are then some 7, € (Tm%)*
with ((img#n) N (img()) # @ such that (e Alz21i/2ilic2) = (A41) = (V40)),
in which case this is satisfied in lattice ¥-expansions, and so in . Furthermore,
(B§ o /x5, x3/22]) = U§. (Next, since the X -quasi-identity {(zo A z1) 5 (22 V

~

x3), (xo Nxg) S (@2 Vaa)} — ((xo Ax1) S (@2 V 24)), being satisfied in distributive
latices, is so in 2, so are logical consequences of its substitutional Y-instances
(B U (B [x2+i/w344)ic2)) — VU, where ¥ € (U§[x3/z4]). Finally, consider any
a € Aand b € (A%2\ A,), in which case, by the Prime Ideal Theorem, there
are some k € 2 and some prime filter F' of 2 such that by, € F Z b;_j, and
s0, as A £ Z%(a) € p(E) and 29 € Q, A = (AVH)[xi/a, v24i/bilica, for A -

eolwi/a, Tasi/bilica.) -

This, by Corollary 3.2, immediately yields:

Corollary 3.7. Let 2 be a non-one-element Y-algebra with distributive lattice Y -
reduct, ¢ € (Tmg)* with zo € 2 (img @) and Q € p(V1,Z). Suppose UF, is an
implicative system for A. Then, A is simple.

3.1.1.1. Equality determinants versus implicativity. Recall that a (logical) ¥-matriz
is any pair A = (A, D) with a ¥-algebra 2% and a D C A, in which case an Q C Tmy,
is called an equality/identity determinant for A, if Q% is injective (cf. [14]), and so
one for a class M of Y-matrices, if it is so for each member of M.

Theorem 3.8. Let M be a class of S-matrices and ¢ € (Tmy)* with 29 € E £
(img @). Suppose, for all A € M, mo(A)[X4 is a distributive lattice with set of its
prime filters T, [M N7y [{mo(A)}]]. Then, Z is an equality determinant for M iff
U‘@/l is an implicative system for (ISjs1{PY})mo[M] (fin which case its members
are simple]).

Proof. Let A= (A,D) € M, a € A? and, for any b € A2, hy 2 [z;/a;, va1i/bi)ico-
First, assume Z is an equality determinant for M. Consider any b € A%. Assume
A sgf"A"[hg], for some j € 2 and A C E, in which case, by the Prime Ideal
Theorem, 3B = (A, D') € M : Vk € 2: A = Z%,(a;), and so ap = a;. Then, by
Lemma 3.6 with Q = =, Uf/l is an implicative system for 2. Conversely, assume
U@lr is an implicative system for 2 and A £ Z%(ag) = =3 (a1). Take any b €
(D x (A\ D)) # @, in which case, as A C = 3 zg, A [ 5?5’92’ [h3], for D is a prime
filter of A, and so ap = a1. (Finally, Corollary 3.7 compfetes the argument.) O

3.2. Disjunctivity. Let U C Eq42.
3.2.1. Disjunctivity versus finite subdirect irreducibility and congruence-distributi-
vity.

Lemma 3.9. Any U-disjunctive /finite non-one-element A € Ay, is finitely/ sub-
directly-irreducible. In particular, any disjunctive pre-variety is (relatively) finitely
subdirectly-representable.

Proof. Consider any 6,9 € (Co(A)\{A4}) and take any (a|b) € ((0]9)\{A4}) # 2,
in which case the X-identities in U[zq3/20j2], being true in 2, are so in /(0|¥) (in
particular, under [zoj2/vgj9((alb)o), (2j0)+i/ves ((bla)i)]ie2), and so Ay 2 {{¢™[xi/
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ai,x2+i/bi]ieg,¢m[xi/ai,x2+i/bi]i€2> | (¢ =~ 1/)) € U} Q (eﬂ'&) Then, (90’(9) 7£ AA.

Thus, induction on the cardinality of finite subsets of Co(2) ends the proof. g
Given any 2 € Ay, let (SR p(A)f — (A, (X,Y) — {6 [xi/ai, T2ri/bi)ic2,

¢F [vi/ai, w210 /bilic2) | 4 € U,a € X,be Y}

Lemma 3.10. Let P C Ay, 3 2 be a U-disjunctive pre-variety and X,Y,Z C A2,

Then, Cgp (U} (X,Y)U Z) = (Cgd (X U Z)NCgp(Y U Z)).

Proof. In that case, P is generated by K = P;; = ISK, so, by (2.3), (2.4) with h = vy,
¥ € Cop(A) and B = (A/Y) € P as well as (2.6), Cok(2) is a basis of Cop(2), for
h;! preserves intersections. Then, for any 6 € Cok(2A), 2/ is U-disjunctive, in
which case (0*(X,Y) U Z) C § iff either (X UZ) C §or (Y UZ) C 6, and so, for
any a € A%, (a € Cgd(U*(X,Y)U Z)) & (V0 € Cox() : (B}(X,Y)UZ)C ) =
(@€0)) < (V8 € Cok(A): (XUZ)C )= (ach)&(Vle Cok(A): (YUZ)C
0) = (@ach) < (ac (Cg(XUZ)NCgl(Y UZ))), as required. O

Corollary 3.11. Any U-disjunctive [pre-Jvariety P C As is [relatively] congruence-
distributive, and so is any [quasi-equational/finitely] implicative one.

Proof. Then, by Lemma 3.10, for any 2 € P and 0, ¢,n € Cop(2), we have (Cg%(QU
1) NCe (9Un)) = Cgp (G*(6,9) Un) = Ceg (Cgp (U (0, 9)) Un) = Cgp ((Cep (0) N
Cgd () Un) = Cgd((6 NI) Un), as required. O
Lemma 3.12. Let P C Ay be a G-implicative pre-variety and U’ a disjunctive
system for Pi. Then, every U'-disjunctive member of P is U-implicative.

Proof. In that case, U, being is an identity implication scheme for Py, is so for
P = ISPPy, while the X-identities in (J{U'[z2+:/pi]ic2 | € U}, being true in Py,
are so in P, and so UJ'-disjunctive members of P are U-implicative, as required. [
Corollary 3.13. For any U-disjunctive [pre-Jvariety P C Ax, Py = (SIjp(P) U
ASYH). In particular, any [quasi-equational /finitely] implicative [pre-Jvariety is [rel-
atively] finitely semi-simple.

Proof. Then, any one-element X-algebra is O-disjunctive, while, for any 2 € Sl (P)
and a,b i(/ﬁ \ AA91)7 éince ng,l;] (alb) Eﬁ(Co[p} (20 \ {AA}),’ whereas, by;emma
3.10, (Cgppy(a@) N Cgppy (b)) = Cg[P](Um(cﬂb)), we have U%(alb) # Aa = Cegpy(Aa),
ie, A K~ (AO)[x;/ai,x2+i/bilic2, in which case 2 is U-disjunctive, because the
Y-identities in Uje2 O[z(2.5)/2(2.5)41], being true in P, are so in ISPP; = P > ,
and so Lemmas 3.2, 3.9, 3.12 and [15, Remark 2.4] complete the argument. O

3.2.2. Disjunctivity versus distributivity of lattices of sub-varieties.

Lemma 3.14. Let K be a class of X-algebras with a disjunctive system U C Eq%
as well as R and S are relative sub-varieties of K. Then, so is RN||US. In
particular, relative sub-varieties of K form a distributive lattice.

Proof. Take any J,d C Tmy: with (R|S) = (KNMod(J|d)), in which case (RN [|US)
= (KN Mod((JU [\ H{Olzi/pi, w24/ viliea | (9l4) € ((D1d)]x; /2 2.5)+01n)]jew) ),
and so the distributivity of unions with intersections completes the argument. [

This, by (2.8), (2.7) and Lemma 3.9, immediately yields:

Corollary 3.15. Let K be a [finite] class of finite Y-algebras with a disjunctive
system U C Eq‘é and P the pre-variety generated by K. Suppose P is a variety.
Then, SI(P) = IS-1K, in which case S +— (SNS~1,K) and R — IPSPR are inverse
to one another isomorphisms between the lattices of sub-varieties of P and relative
ones of S;=13K, and so they are distributive [and finite].



8 A. P. PYNKO

Likewise, by (2.8), (2.7), Theorem 3.5 (as well as [15, Remark 2.4] and Lemma
3.14), we immediately have:

Corollary 3.16. Let K be a [finite] class of [finite] X-algebras with a (finite) im-
plicative system U C Eq42 and P the pre-variety generated by K. Suppose P is a
variety. Then, (SI|Si)(P) = Pj' = IS51K, in which case S — (SN S(=13K) and
R — IPSPR are inverse to one another isomorphisms between, the [finite] (distribu-
tive) lattices of sub-varieties of P and relative ones of Sy>13K.

4. MORGAN-STONE LATTICES VERSUS DISTRIBUTIVE ONES

From now on, we deal with the signatures ES__[,)Ol] 2 (D (U{-DU{L, T,
[bounded] {distributive} lattices being supposed to be Y| y-algebras with their
variety denoted by [B|{D}L and the chain [bounded] distributive lattice with car-
rier n € (w \ 2) and the natural ordering on this denoted by D, 1], in which case
e 2 {(0,0), (1,n — 1)} is an embedding of Ds,01] into D,,[ 1), while, for each i € 2,

eds 2 (5 77 s )

Prime Ideal Theorem, (2.6), (2.8) and Corollary 3.6 into account, we immediately
have the following well-known fact (cf. [6] as to REDPC for [B]DL):

Lemma 4.1. Let 2 € [B]L and F C A. Suppose F is either a prime filter of A
orin {@, A}. Then, [unless F € {@, A}] h £ xX € hom(2, Dy 01)) [and h[A] = 2],
in which case [B]DL = IPSDQQ[’OH, and so [B]DL is the semi-simple [pre-/quasi-
Jvariety generated by D1y with (Si|SI)([B]DL) = IDy( 1) and REDPC scheme

SIS

is an embedding of D3 o1) into i)%[ 01" First, taking the

A [bounded] (De) Morgan-Stone {(D)MS} lattice is any ¥ [o1-algebra, who-

se X[ oy-reduct is a [bounded] distributive lattice and which satisfies the X7 -
identities:

(4.1) _\(1‘0 A\ 331) ~ (_‘1‘0 \Y _‘1‘1),

(42) i) é X,

in which case, by (4.1) [and (4.2)[zo/T]], it satisfies the X7 -quasi-identity [and the
E;[m]—identity]:

(4.3) (o g21) — (~21 £ ~wo)l,

(4.4) -—T =~ T

and so the E__H Ol]—identities:

(45) ﬁ(xo \Y 1‘1) ~ (ﬁxo A\ ﬁ.’L‘l),

(46) —\—|—|x0 =~ —|§CO[,

(4.7) -1 o~ T

their variety being denoted by [B](D)MSL. Then, bounded Morgan-Stone lattices,
satisfying the X7 o -identity:

(4.8) ~T~ 1,

are nothing but (De) Morgan-Stone {MS} algebras [2] (cf. [18]), their variety being
denoted by (D)MSA. An a € A is called {a} (negatively-)idempotent {element of
an A € MSL}, if {(=*)a} forms a subalgebra of 2, i.e., =%(=%)a = (=%)a, with
their set denoted by S?‘ﬁ), Morgan-Stone lattices with carrier of cardinality no less
than 2({—1}) and with({out non-}negatively-)idempotent elements being said to
be ({totally} negatively-)idempotent.
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(1,1,1)

0,1,1)
(1,1,0)

(0,1,0) (0,0,1)

(0,0,0)
F1GURE 1. The Morgan-Stone lattice 9MSg.

Remark 4.2. By (4.1), (4.5), (4.6), Corollary 3.6 and Theorem 3.3, {220 ")
is an REDPC scheme for [BJMS(L[/A]).

4.1. Subdirectly-irreducibles. Let 9S¢ be the X7 -algebra with (9MSe[X]) =
(D%1(22\ {(1,0)})) x D2) and =MS6q £ (1 — ap,1 — ag, 1 — a1), for all @ € M Ss
(the Hasse diagram of its lattice reduct with its [non-]idempotent elements marked
by [non-Jsolid circles and arrows reflecting action of its operation — on its non-
idempotent elements is depicted at Figure 1), in which case it is routine to check to
be a Morgan-Stone lattice, and so are both MSs = (MSe[(MSs \ {(0,0,1)})
and MSy = (MS5[{(i,1,0) | i € 2}) as well as, for each j € 2, MSy,; =
(MSs54;[(MSs45 \ (5 + 1) x {1}) x {1 = j}))). Likewise, let (DM|S),; be

the ©;-algebra with (DM[&),5[T7) £ Djl; and ~7us 2 ((((m1]2) 0 (22 \

As)) x ((mo]2) o (22 \ Ag)))|x3), in which case 62!2 2 ((((mo]22) x (moI22)) x
(m112%)) (3. x Xg\l)) is an embedding of (DM[S),; into (MS|MS) ;. Finally,
for any n € ({3,4}/{2}), let (8|®B),, be the X} -algebra with ((£]B),|X;) £ D,
and =8B & Lim n—1—m) | m € n}, in which case 63”4 is an embedding
of By into Ry|4, while, for every | € 2, €3, is an embedding of K3 into DMy,
and so €3, o €§ is that into MSy,(1_y). Moreover, {M S, M S5, M Sy, img(€3 o €3)} U
(U{{M S4.1,,img(e3 ,.0€5)} | k € 2}) are exactly the carriers of members of S-1MSg,
in which case these are isomorphic to those of the skeleton MS £ ({IM&, | ¢ €
{6,5,2} JU{MG 4y | k € 2} U {DMy, &3, S3,B2}), and so this is that of IS+ 1MSe
with the embeddability partial ordering < between members of MS, for these are all
finite. And what is more, Dg £ (M SsN7y '[{1}]) is a prime filter of MG X, while
Q £ {20, ~wg, ~—x0} is an equality determinant for (9Sg, Dg), in which case, by
[14, Lemma 11], Bo £ {(7(x) A p(224,)) S (T(21-0) V plw3—;)) | 2,9 € 2,7,p € O}

~

is a disjunctive system for 9MSg, and so, for IS Ss.

Remark 4.3. Elements of PF, 2 {22N 7 '[{1}] | i € 2} are exactly all prime filters
of ®2, while {zg, ~7¢} is an equality determinant for M = ({D9M,} x PFy), in which

(z0,70)

case, by Theorem 3.8, Uy, is an implicative system for IS 309, {and so,
by Corollary 3.7, its members are simple, as it is well-known but shown directly in
a more cumbersome way}. (]

Theorem 4.4. For any prime filter F' of the X4 -reduct of any A € MSL there is an
h € hom (A, MS¢) with (kerh) C (ker xk), in which case MSL is the [pre-/quasi-
Jvariety generated by MSs with REDPC' scheme Ugo’ﬂ“’ﬂww, and so SI(MSL) =
IMS.

Proof. Let f 2 x5, G2 (=) (=) 7'[F], H2 (A\ (-*)"'[F]) and h £ (f x
xX%) x xf), in which case, by (2.1) and (4.6), (ker f) 2 (((ker f) N (ker x5)) N

1
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(ker 1)) = (kerh) C (=% o h), while, by (4.1) and (4.5), G|H is either a prime
filter of A[X; or in {@&, A}, whereas, by (4.2), F C G, and so, by (2.2), mo(h(a)) <
m1(h(a)), for all a € A. Then, by (2.5), Lemma 4.1 and the Homomorphism
Theorem, h is a surjective homomorphism from 2 onto the ¥ -algebra B with
(BI1Y,) £ (D31h[A]) as well as = £ (h~! o =% o h), in which case B C M S,
since mo(h(a)) < mi(h(a)), for all a € A, and so B = (MSg|h[4]), as, for all
a€ A (-*acG) e (-*acF)< (a g H), in view of (4.6), as well as (—-%a €
H) & (-*-%a ¢ F) < (a ¢ G). Hence, h € hom(2A, MSg) and (ker h) C (ker f).
Thus, the Prime Ideal Theorem, (2.6), Corollary 3.15 and Remark 4.2 complete the
argument. O

The ¥ -reduct of any 2 € MS, being a finite lattice, has zero/unit a/b, in
which case we have the bounded Morgan-Stone lattice 20y, with (o1 FZ;) 29
and (L/T)%01 £ (a/b), and so, for all € € MSg; = {Bg; | B € MS} and D €
MS_2701 £ (MSol \ {93?62701}), ((@{E;) =< (Q:{El)) = (@ = Q:) Then, since
MS2 01 € MSA D (ISMGg,01) O MS_3 01, while surjective lattice homomorphisms
preserve lattice bounds (if any), whereas expansions by constants alone preserve
congruences, by (2.6), (2.7) and Theorem 4.4, we immediately get:

Corollary 4.5. Let K £ (@|{9MM&301}. Then, V = (BMSL|MSA) is the [pre-/quasi-
Jvariety generated by {MGg 01, MS2,01}\ K with SI(V) = I(MSp; \ K) and REDPC

To, T, T
scheme Uélo 0,770}

This subsumes [2] and also yields a uniform insight into REDPC for Stone and
De Morgan algebras, originally given by separate distinct schemes in [8, 16] and a
bit enhanced in Corollary 4.8 due to Lemma 4.7.

4.2. The lattice of sub-varieties. [Bounded/] Morgan-Stone lattices[/algebras],
satisfying either of the following equivalent — in view of (4.2) — ¥ -identities:

(4.9) (=m20(Voro)) ~ || 5 (20(Voo)),

are called [bounded/] (nearly) De Morgan lattices//algebraas], their variety being
denoted by [B/](N)DM(L[/A]). Likewise, those, satisfying the ¥} -identity:

(4.10) (zo A ~0) S 1,

are nothing but [bounded/] Stone lattices[/algebras] [ct., e.g., [5]], their variety
being denoted by [B/]S(L[/A]). Then, members of [[B/]B(L[/A]) = ([B]DM(L[/A])N
[BIS(L[/A])) are exactly [bounded/] Boolean lattices[/algebras]. Further, [bounded/]
Morgan-Stone lattices[/algebras], satisfying “either of the former”|“the latter” of
the following X7 -identities:

(4.11) (m—zo A o) ~|| S (o Axo),

(4.12) ) é (JUO \ (—\—\xl V —\331)),
“in which case they satisfy the X7 -quasi-identities:

(4.13) (mz0 £ z0) < || = (=20 £ ——20),

in view of (4.2)”| are said to be quasi-|pseudo-strong, their variety being denoted
by [B/](Q|P)SMS(L[/A]), Then, members of [B/]SMS(L[/A]) £ ([B/]QSMS(L[/A]) N
[B/]PSMS(L[/A])) 2 ([B/IDM(L[/A]) U [B/]S(L[/A])) are said to be strong, in which
case, by (4.2) and the uniqueness of relative complements in distributive lattices:

(4.14) ([BJ{Q}SMSL N [BJNDML) = DML.
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Furthermore, [bounded/] ((|[quasi-|pseudo-]strong]) {weakly} Kleene((-Morgan)-
Stone) lattices [/algebras] are [bounded/] (| [quasi-|pseudo-]|strong]) De-Morgan(-
Stone) lattices[/algebras] satisfying the following X7 -identity:

(4.15) ((m=m2/) (@0 A —20)) & ((22V) (o212 V {=}a1)),
their variety being denoted by

(B/I(LIQIPTS{WIK((M)S)(L[/A]) 2 (2(U([B/IS(LI/A])))
{U[B/I(LIQIPTSHK(M)S)(LI/A])}
(([B/IDM(L[/A]) U [B/I(LTQIPTSH{WIK(S)(L[/A]))))
{in view of (4.2)}. Likewise, members of
[B/INK(L[/A]) = ([B/I{W}KS(L[/A]) N [B/INDM(L[/A]))

are called [bounded/] nearly Kleene lattices[/algebras]. Next, the variety of totally
negatively-idempotent [bounded] Morgan-Stone lattices, being relatively axioma-
tized by the ¥ -identity:
(4.16) T R T,
is denoted by [B]TNIMSL. Likewise, the variety of one-element [bounded/] Morgan-
Stone lattices[/algebras], being relatively axiomatized by the Y7 -identity:
(417) To R T,
is denoted by [B/JOMS(L[/A]). Further, members of [B/](M|{W}K)S(L[/A]), satis-
fying following ¥ -identity:
(418) ((_\CCO A _\_‘1‘0) AN _\_‘1‘1) é (("IO A .Io) vV _LIl),
are said to be almost quasi-strong, their variety being denoted by

[B/JAQS(M{W}K)S(L[/A]) 2 ([B/]QS(M{W}K)S(L[/A]) U ([B]TNIMSL[/2])).

Then, members of

[B/JAS(M{W}K)S(L[/A]) £ ([B/JAQS(M{W}K)S(L[/A)N
[B/IPS(M{W}K)S(LI/A])) 2 ([B/IS(MH{W}K)S(L[/A]) U ([B]TNIMSL[/2]))

are said to be almost strong. Likewise, members of [B/](M|{W}K)S(L[/A]), satisfy-
ing the following ¥ -identity:
(419) (—\—\.230 A —\_‘$1) = ($0 V —\33‘1)
are called [bounded/] almost “De Morgan”| “{weakly} Kleene” lattices[/algebras],
their variety being denoted by [B/]JA(DM|{W}K)(L[/A]) 2 ([B/](DM|{W}K)(L[/A])
U ([B]TNIMSL[/2])). Finally, [bounded/] Morgan-Stone lattices[/algebras], satisfy-
ing the optionallnon-optional version of the following X7 -identity:
(420) (_\CL'() \Y |>_|_|1 xo) g Zy,
are called [bounded/] almost Stone|Boolean lattices[/algebras], their variety being
denoted by [B/]A(S|B)(L[/A]).

Let

Moy [(A)] = ({[(4.8),](4.9), ((4.9)), (4.10), (4.11), (4.12), (4.15), {(4.15) },
((4.15)), ({(4.15)}), (4.18), (4.19), (4.20), [ (4.20)], (4.16) } [N E(AN) |)
| where 2 € MS[Ol]J.
Lemma 4.6. For any 24 € MSjg1), MS8(o1)(A) is given by Table 1. In particular,
the poset (MSjo1), =) is given by Figure 2 with (non—)simple/U{zo Ff;g Lﬁ:f;l%}
implicative members marking (non-)solid circles-nodes [and merely thick lines].
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MSe[,01]

DMy 01 MS 411,01

G301

R3[,01]

Bol,01

FIGURE 2. The poset (MSgy}, =) [with merely thick lines].

Proof. Clearly, for any line of Table 1, the identities of the second column of it are

true in the algebra of the first one. Conversely,

ME (5/6)[,01]

G301
DM 41,011
MS 411,01
MS4.00,01]
R3,01)
(BIMS),,01)
MS2,01

e ((415)({(4.15)))es/ (1 — min(1,4), 1| max(1 — 4,7 — 1),
min(1,4))ie(2(3),

(((4.9))[1(4.9))1((4.19)[[(4.20)))[zi /(1 + D)]ie(1)2),

(4.15){(4.15) P [/ ((i,4,1 — 9)}ie2,

12)[xo/(0,1,1),21/(0,0, 1)],

18)[xi/ (i, 1,4)]ie2,

|([(4.20)1([(4.20)))[z0/1, 21/(0]2)],
914.11))[x0/(0[{0, 1, 0))][,

4.
4.1
(4.10
16|

8)].

)
(4

BN N N N N N N

(
(
(
(
(
(
(

4.
4

TABLE 1. Identities of M§p;] true in members of MSjqy;.

MSe01] Plu{(4.8)}]
MSs01] {[(4.8),](4.12), {(4.15)}, ({(4.15)}), }
MSa001) | {[(4-8),]((4.9)), (4.12), (4.15), {(4.15), {(4.15)), ({(4.15)}) } }
MSE 11,011 | {[(4-8),](4.11), (4.15),{(4.15)}, {(4.15)), ({(4.15)}), (4.18)}
OMypo1 | Moy \ {(4.15), {(4.15)}, (4.10), (4.20), [(4.20)], (4.16)}
E)3762[,01] 8[ 01] \ {[( ) ](4 9) (4 11) ( 0)}

R3[,01] Spo1) \ {(4.10), (4.20), [(4.20)], (4.16)}

Ss[,01] MS [01] \ {(4.9), ((4.9)), (4.19), (4.20), (4.16) }

Bl o1 M1y \ 1(4.16)}
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Moreover, by Remark 4.2, Ugo’ﬂ“’ﬁﬁzw is an REDPC scheme for MSL O MS,

in which case, by Corollary 3.2, any simple member 2 of it is Ug“’ﬂzo’ﬁw”)—

implicative, and so all those members of MS, which are embeddable into 2, being
then Ug”’ﬁxo’ﬁﬁx")—implica‘uive as well, are simple too. On the other hand,

(421) Xg\l = (6§ o 7T2) € hOHl(Gg[_yo”,%Q[)Ql]),

in which case (kerxg\l) € (Co(S31,017) \ {A3,3%}), and so S[ 1) is not simple.
Likewise, h £ {(a, [2et2rte241]) | g € M Sy} € hom(MS4.0,01), Rap,01]), in Which
case (ker h) € (Co(MS.a0,017) \ {Arss0: MS30}), and so MS..0101) is not simple.
Thus, the fact that varieties are abstract and hereditary, the simplicity of two-
element algebras, the equality (4.11) = ((4.10)[zo/—x0, x1 /(20 A —x0)], Remark 4.3
and the truth of the identity (4.9)|(-zo &~ —21) in (DM|MS),, end the proof. [

Lemma 4.7. Let 2 € SMSL, a,b € A and F a prime filter of A[¥. Suppose
both ((-*)a € F) & ((-*)b € F). Then, (-*-%a € F) < (-*-%bc F).

Proof. Assume =*-%q € F. If b € F, then, as 2 = (4.2)[x/b], we have =%—=%b €
F. Otherwise, a ¢ F, in which case, as 2 = (4.11)[zo/a], we have =%a ¢ F, that
is, =%b ¢ F, and so, since A = (4.12)[z¢/a, z1/b], we get =#=%b € F as well. O

Corollary 4.8. Sub-varieties of [B/]MS(L[/A]) form the non-chain distributive
lattice with 29[(+11)/(—9)] elements, whose Hasse diagram with [both thick and]
thin lines is depicted at Figure 8, any (non-)solid circle-node of it being marked by a

(n0n—)senu'—sim]ole|(Uwo’w‘)[’ﬁw‘ﬂ> Yimplicative variety V C [B/[MS(L[/A]), nu-

{zol,mao, 2o}
mbered from 1[+(0/20)] to 29[+11] according to Table 2 with k = (9 - (1[/0])) [as
well as € £ (29 - (0/1))] and MSy| o) £ max<((MS[_201)[UK]) N V), where K £
({MS3p,01}/92]), given by the third column, in which case SI(V) = IS=1MSy oy,

and so V is the (pre-|quasi-)variety generated by MSyy 1), while [B]SMSL is that
generated by {SI}([B]DML U [B|SL) with REDPC' scheme 60 7%0) yhereas any

{zo,mx0}’

TABLE 2. Maximal subdirectly-irreducibles of varieties of [bound-
ed/] Morgan-Stone lattices[/algebras].

1[+¢ [BIMS(L[/A]) {MSe,011 }HUK]
2[+¢ [BIPS(WK)MS(L[/A]) {MS51,017, DMup01]} [UK]
3[+1][+4] [B]WKTM]S(L[/A]) {MSs51,011, MSu1p.011 [ DMag 011 [ HUK]
5[+/] [BJPSWKS(L[/A]) {MS51,011}UK]
6[+1][+4] [BIKIM]S(L[/A]) {MSy.if01) | 7 € 2HU{DMy 01} [UK]
8[+1][+/] [BIPSK[M]S(L[/A]) {MS 101,011 S301 [, DMap 011 HUK]
10[+/] [BJNDM(L[/A]) {MS 401,011, DMap 011 HUK]
11[+¢] [BINK(L[/A]) {MS 400,01 HUK]
12 [BJTNIMSL {93?62[701]}
22| k| [B/][AJQSMS(L[/A]) {MS 411,01, DMar 011} [UK]
23[—k] | [B/][AJQS{W}KS(L[/A]) {MSa11,0} UK]
24| k| [B/][AJSMS(L[/A]) {S31,011, DMap 011} UK]
25| k]| [B/I[A]DM(L[/A]) {DMy) 011} UK]
26(—k] | [B/][AJS{W}KS(L[/A]) {S31,011; Rapo1)}HUK]
27| k]| (B/][AJ[{W}K(L[/A]) {Rsp01} [UK]
28| k| [B/I[AIS(L[/A]) {Ssp01} UK]
29| k]| [B/][A]B(L[/A]) {Bopo1} [UK]
21 [B/JOMS(L[/A]) &
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FIGURE 3. The lattice of varieties of [bounded/] Morgan-Stone lattices[/algebras].

disjunctive sub-pre-variety of [B/]MS(L[/A]) is equational, and so is any quasi-
equational//finitely implicative one.

Proof. We use Lemma 4.6 tacitly. Then, the intersections of MS|_5 ¢1][UK] with the
29[(+11)/(—9)] sub-varieties of [B/[MS(L[/A]) involved are exactly all lower cones
of the poset (MS|_3,01)[UK], <), i.e., the sets appearing in the third column of Table
2 are exactly all anti-chains of the poset. Thus, (2.6), (2.7), (4.1), (4.5), Theorem
3.5, Corollaries 3.6, 4.5, [15, Remark 2.4], Lemmas 3.9, 4.7 and Theorem 4.4 as well
as the Prime Ideal one and the fact that pre-varieties are abstract and hereditary
complete the argument. O

It is in this sense that SMSL is the implicational/[quasi-]equational join of DML
and SL. The lattice of its sub-quasi-varieties is found in the next Section.

5. QUASI-VARIETIES OF STRONG MORGAN-STONE LATTICES

Given any K C [B]MSL, (N)IK stands for the class of (non-)idempotent members
of K (in which case it is the relative sub-quasi-variety of K, relatively axiomatized
by the ¥ -quasi-identity:

(5.1) (mzo = 20) — (20 = 21),

and so a quasi-variety, whenever K is so).
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Lemma 5.1. Any (non-one-element finitely-generated) A € [B]MSL is non-id-
empotent if(f) hom(A, By 1)) # I, in which case |[B]SMSL C [B]DML, and so
[B]SMSL = (Nl[B]SMSL U [B]DML) In particular, NlMS[Ol] = {63[701],%2[,01]},

Proof. The “if” part is by the fact that B[ 1) has no idempotent element. (Con-
versely, assume hom (2, B[ 91)) = @, in which case, by (4.21), hom(, &301]) = I,
and so, for any h € hom(A, {MSq o1)[, MS2,01]}), (imgh) ¢ (imge3), for, other-
wise, we would have (ho (eg)_l) € hom(2A, G301]) = @. Take any a € A* such that
2 is generated by imga. Let n £ (doma) € w and b £ (=%=%a; V¥ =%a;),¢,, in
which case there is some i € n such that h(a;) € (imge}), and so h(b;) € {(m, m,1—
m) | m € 2}. Put [by induction on any k € n] ik = ((bopr) [VE % cr]) A% er]),
in which case h(cijyr) is in {(1,2,9) | (,7) € (22\ (0,0))}, for h(box)) is so,
and so, by induction on any [ € ((n 4+ 1)\ (¢ + 1)) > n, we see that h(c) is in
{{m,m,1 —m) | m € 2}, for h(b;) is so. Then, h(=%c,) = h(c,), in which case,
by (2.6) and Theorem 4.4 [resp., Corollary 4.5], =*¢,, = c,, and so 2, being non-
one-element, is idempotent.) Finally, (2.6), (4.21) and Corollary 4.8 complete the
argument. O

This, by (2.6), Corollary 4.8, (2.1), (2.5) with I = 2 and the locality of quasi-
varieties, immediately yields:

Corollary 5.2. For any variety V C [B]MSL {such that either [B](S|B)L C V}, NIV
is the pre-/quasi-variety generated by

D{U{AX B0y | A € (MSvp) \{(SIB) (32),0111)} U (MSv 0 H{(SIB) (312)1,011 1)}
in which case NI[B]MSL is the one generated by {MGg[ 01 X Ba[01]}, while
NI[BJ(S)(DMI|K)(S)L
is the one generated by {(DM|[R) 43)101) X B2r01)(, Ss,01))}, whereas
NI[B](TNI? O)MSL = [BJOMSL,
and so any (non-one-element) A € [B]MSL is non-idempotent if(f) hom(2, B[ 01))
+ .
Likewise, Lemma 5.1 and [13, Proof of Lemma 4.9] immediately yield:
Corollary 5.3. 83 is embeddable into any member of SKSL\ NISKSL.

Corollary 5.4. NI[BJMSL U [B]TNIMSL is the sub-quasi-variety of [BJMSL rela-
tively axiomatized by the X7 -quasi-identity:

(5.2) (mao & 20) — (20 & —71)
and is the pre-/quasi-variety generated by {9MSg[ 1) X Bapo1), MSap 011}

Proof. Clearly, (5.2) = (5.1[z1/—x1]) is true in both NI[BJMSL and M&;[ o). Con-
versely, any 21 € I[B]JMSL, satisfying (5.2), has an idempotent element a, in which
case, for any b € A, as A |= (5.2)[xg/a, x1/(=%)b], we have =*b = a(= —*=%b), and
so 2 € [B]TNIMSL. Then, Corollaries 4.8 and 5.2 complete the argument. O

Likewise, we have:

Corollary 5.5. For any variety V C [B]MSL such that V ¢ [B{W}KSL, the class
NIVU(V N [BI{W}KSL) is the sub-quasi-variety of V relatively aziomatized by the
X7 -quasi-identity:

(5.3) (=20 = 20) — (20 & ({=—}z1 V —21))
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and is the pre-/quasi-variety generated by MSnnpjwyksLyo1) U {2 X Baopon) | A €
(MSv1,01) \ {63,011 Baro11}) - In particular, NI[BJ(S)DM(S)L U (S)K(S)L is the sub-
quasi-variety of [BJ(S)DM(S)L relatively aziomatized by either of (5.3) and is the
pre-/quasi-variety generated by {DMy o1] X Bap01), R3[,01)(, G3,01)) )

Proof. Clearly, (5.3) is satisfied in NIV U (V N [B[{W}KSL). Conversely, consider
any 2 € IV satistying (5.3) and any a,b € A, in which case there is some ¢ € A
such that —=%¢ = ¢, and so, as 2(5.3)[xo/c, r1/(a|b)], we have ¢ <* (=%*(alb) V¥
{=%*=%1(alb)). Then, by (4.2), (4.3) and (4.5) {as well as (4.6)}, we get (a A
-%a) <* ¢, in which case 2 € (VN [B]{W}KSL), and so Corollaries 4.8 and 5.2
complete the argument. O

This, by Lemma 5.1 and [13, Case 8 of Proof of Theorem 4.8], immediately
yields:

Corollary 5.6. DMy is embeddable into any member of {S}DM{S}L not satisfying
(5.3).

Members of [B[{([Q|P]S)}|W]K{S}L, satisfying the ¥} -quasi-identity:

(5.4) {—z0 < w0, (xo N —1) S (mxo V 1)} — (—21 S (—7)21),

~
~

are called (weakly-)regular, their quasi-variety being denoted by

(WIR[BI{([QIP]S)}W]K{S}L
(= {1 2DHRBH{TQIPIS) HW]K{S} U ([BJOMSL{([|[B]TNIMSL])}))
in view of (4.13){({[](4.2)])}).

Given any [bounded] Morgan-Stone lattice 2| € [BI{{[Q||P]S)}(W)K{S}L]|, by
(4.1), (4.3) and (4.5) [as well as ((4.2) and) (4.15) ], (|F) ) 2 {a € A | (-¥=)a(<
| >)*=%a} O {b(AIV)*-b | b € A} # @, for A # @, is |an|a ideallfilter
of AL such that ~*[(I|F)(y)] € (F|I)qy) Lin which case Ry £ ((Fy, x
{1hu (J%‘w) x {0})) forms a subalgebra of 2 x By 1) such that, for every d €
%%W)’ (di =1) = (do € ?(Q{N)), and so, by Corollary 4.8, the (weak) regulariza-
tion Rew) (%) 2 (2 x Bagon)[RYy) of A s in (WIRBI({[QIPIS)HWIK{SILI.
Then, (mo[RS3001) € hom(R(S3,01)), S3,01]) is bijective, so, by Corollary 4.8,
Ssgoy € RIBISKSL. Likewise, (e}l {(i, (xi'*(1) + X3 (), x3 *(0))) | i € 4}) €
hom((B[K) ()4, 01]> Ra,01] R (Rs[,01))) s injective||bijective, so, by Corollary 4.8,
(BlIR) 24,01 € RIBIKL.

Lemma 5.7.
(W)RIBI{([QIP1S)} [W]K{S}L < (NI[BI{{[QIPTS)}[WK{S}L(U[BJTNIMSL)).

Proof. Consider any 2 € (W)R[BJ{([Q|P]S)}|W]|K{S}L and any a,b € A such that
-%a = a, in which case, as, for any ¢ € {b, =%b}, A |= (4.1/|5.4) [z /a, z1/(c||(a A*
c))] (and A |= (4.5)[z0/~%a,z1/-%c)), we have =%c < (=%a V¥ =%¢) = =% (a A*
c) < (%) (ane) = (anP (=% =*)e) < (=% =¥)¢, and so, as A |= (4.2(14.6))[xo/
b], we get both b < =*=%b < (=*-*)=*p = =%b, when ¢ = -, and -*b <*
(=*=")b, when ¢ = b. Then, =%b = (=%=%)b, in which case, as A = (4.15(2{4.15}))
[z0/(al/(=2)b), z1/(b|a)], we have (=%)b <* a <* (=*)b, i.e., a = (=%)b, and so (by
Corollary 5.4) 2 is (either) non-idempotent (or totally negatively-idempotent). O

Corollary 5.8. Ry is embeddable into any A € (NIQSMSL\ SL) O (RQSKSL\
SL).
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Proof. Then, there are some a,b € A such that ¢ £ (a A% =% ) 7é d= (bA%e) <P,
in which case, applying (4.1) and (4.3) [twice], we have [=*—=%d <* —¥-¥]c <*
-%c <® %4, and so, by (4.2) and (4.11), we get ﬁmﬁm(dd) = (c|d). In this way,
as ¢ # d, by (5.1), we have =%¢ # ¢, in which case we get =*d # —%¢, and so
{{0,d), (1,¢c), (2,=%c), (3, ~*d)} is an embedding of £, into 2. Finally, Lemma 5.7
completes the argument. O

Theorem 5.9. Let V = [B]{((Q((HP))S)}(W)K{S}L and K £ (2{U(MSy,01) N
({S3p00HU@({MSs00 1))} Then, QV = (W)R []{(< (|| ))S)F(W)K{SHL
is the pre-/quasi-variety generated by R (w)[MSypoy \ K] UK, so R[B[{S}K{S}L
is the one generated by {Raf01{, G3[,011}}-

Proof. Consider any finitely-generated 20 € (Q\ ([BJOMSL(U[B]TNIMSL))). Take
any a € At such that 2 is generated by imga. Let n £ (doma) € (w\ 1) and
b (A (=*-a,, V* =%a,,) men), in which case, by (4.1), (4.5) and (4.15), we have
=% <% b. Consider any B € K' £ {MSq01][, MS2,01]} and h € hom(A, B). Let
(Il7) 2 {ien|h(a;) & (fﬂf])?i,v)}, (2]7) = |(I]J)| and k|¢ any bijection from 2|7 onto
I|J. We prove, by contradiction, that there is some g € hom (2, B[ 17) such that
glimg((k|¢) o @)] = {0[1}. For suppose that, for every g € hom(2l, By o1)), there is
either some i € 1 or some j € j such that g(a(w)w)) = (1]0), in which case, as,
by Lemmas 5.1 and 5.7, hom(, B, ;) # &, we have (I U J) # &, and so we are
allowed to put ¢ 2 (V¥ ((koa(o="o=%))*(foao—="))). Then, mo2(h((=*-%)c)) = 0,
in which case (by (4.6)) mo(h(=%c)) = 1, and so =%c £* (=*=¥)c, for (homp) €
hom (]2, D2). Now, consider any € € K’ and f € hom(2, ), in which case
(€)(img f)) € V # DMy[ 01}, in view of Corollary 4.8, and so (imge§) ¢ (img f),
ie., M8 = ¢§[22\ Ay] € (img f). Consider the following complementary cases:
o (img f) C (imge3),
in which case, by (4.21), ¢ £ (fo(eg)_loxg\z) € hom(2A, By 01)), and so, by
the assumption to be disproved, 71,2(f(c)) = e(c) = 1. Then, f(bA*=%¢) =
(0,0,0) <® f(=*b V¥ c).
o (img f) ¢ (imge3),

in which case there is some m € n such that f(a,,) ¢ (imge3 2 QMG
in which case f(b) € S™s and so f(bA* =%c) < f(b) = f(=%b) <¢
f(=2bv&e).

Thus, anyway, f(bA* =%¢c) <€ f(=%b V¥ ¢), in which case, by (2.6) and Theorem
4.4 [resp., Corollary 4.5], (b A* =%c) <* (=%bV? ¢), and so 2 & (5.4)[xo/b,x1/c].
This contradiction to the (weak) regularity of 2 definitely shows that, for each
D € MSy[oy C€ ISK’ and every b’ € hom(, D), there is some g’ € hom(%, B,)
such that (img f') C %(%V), where f' 2 (W x ¢'), in which case, by (2.5), f’ €
hom (2, R(w) (D)), while, by (2.1), (ker f’) C (ker h’), and so the locality of quasi-
varieties, (2.6) and Corollary 4.8 complete the argument. O

Thus, the apparatus of (weak) regularizations of [bounded] (weakly) Kleene-
Stone lattices involved here yields a more transparent and immediate insight /proof
into/to [15, Proposition 4.7].

Lemma 5.10. 83 x By is embeddable into any A € (NISKSL\ RSKSL).

Proof Then by (4.1), (4.3), (4.5) and (4.6), there are some a,b € A such that
(c]d) & =#=%(alb)(> | #)*~*(c|d) and (c A* =%*d) <* (=%¢V* d), in which case,
using (4.1), (4.5) and (4.6), by induction on construction of any ¢ € Tm oo we

get =% (c,d) = p*(c,d), and so the subalgebra B of 2 generated by {c, d} is
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1(BY)

FIGURE 4. The lattice of pre-/quasi-varieties of strong Morgan-
Stone lattices.

a non-idempotent Kleene lattice such that B (= (5.4)[zo/c, z1/d]. Hence, 85 x Bo
being embeddable into 9B, by [13, Case 4 of Proof of Theorem 4.8], is so into 2. O

Lemma 5.11. @My x By is embeddable into any A € (NISMSL \ SKSL).

Proof. Then, there are some a,b € A such that, by (4.2), ¢ £ =#=%(a A* =%a) £*
d & (=%b v¥* =*=¥p), in which case, by (4.1), (4.5) and (4.6), we have both
=2(c|d)(= | )*(c|d) = =*~%(c|d), and so, by induction on construction of any ¢ €
Tmél, we get =%=%p%(c,d) = ¢®(c,d). Thus, the subalgebra B of 2 generated
by {e¢,d} is a non-idempotent De Morgan lattice such that B £ (4.15)[xo/c, x1/d],
in which case, by the proof of [13, Lemma 4.10], @9, x B is embeddable into B,
and so into 2. ]

Lemma 5.12. Let A € QSMSL and a € A. Suppose -*=%a # a. Then,
bE (=g A¥ 2-2%) <M e 2 (aVv? =%a) <P d = (=%a v =*=%a), while both
-%c=b=-%"d and -*b = d, whereas b # ¢ # d, in which case {(0,b),(1,¢),(2,d)}
is an embedding of Gz into A, and so G3 is embeddable into any member of

(QSMSL \ DML).

Proof. In that case, by (4.2), b <* ¢ <* d, while, by (4.1), (4.5) and (4.6),
both =%¢ = b = =*d and =*b = d, whereas ¢ # d, for, otherwise, since 2 |=
(4.2|14.11)[z0/a], {b,~*a,a,=*=%a,d} would be a pentagon of the distributive lat-
tice A[X ., and so b # ¢, for otherwise, we would have c = b= -%c=-%b=d. 0O

Theorem 5.13. Sub-pre/quasi-varieties of SMSL form the fifteen-element non-
chain distributive lattice depicted at Figure 4.

Proof. We use Corollary 4.8 tacitly. Clearly, D9t; x B is not in SKSL, for DM,
is not so, while 7 [(22 x Ay) is a surjective homomorphism from the former onto
the latter, in which case, by Corollary 5.5, SKSL C (SKSL U NISMSL) € SMSL, for
SMSL > @9, = (5.3)[z;/(i,1 — i)]ic2. Likewise, &5 ¢ DML, so, by Corollaries
5.2, 5.5 and Theorem 5.9, (KL UNIDML) C (SKSL UNISMSL), NIDML ¢ NISMSL,
NIKL ¢ NISKSL and RKL C RSKSL, while, by Corollary 5.2, NIKL 3 (K3 x Bs) £
(5.4)[z0/((0,1),(1,1)),21/({(0,0), (1,1))], so, by Lemma 5.7, RSKSL C NISKSL, as
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well as KL 5 83 [~ (5.1)[z0/(0,1),21/(0,0)], so NISKSL C SKSL. Finally, by The-
orem 5.9, 63 € RSKSL > Ry [~ (4.10)[z;/(1 — ©)]se2, so SL € RSKSL. Thus, by
Lemma 5.1, Corollaries 5.2, 5.5, Theorem 5.9 and [13, Theorem 4.8], the fifteen
quasi-varieties involved are pair-wise distinct and do form the lattice depicted at
Figure 4. Now, consider any pre-variety P C SMSL such that P ¢ DML, in which
case, by Lemma 5.12, &3 € P, and so SL C P, as well as the following exhaustive
cases:

(1) P ¢ (SKSL U NISMSL),
in which case, by Corollaries 5.5 and 5.6, DM, € P 5 &3, and so P = SMSL.
(2) P C (SKSL U NISMSL) but neither P C SKSL nor P C NISMSL,
in which case (SKSLINISMSL) 2 (P N (NISMSL|SKSL)), and so, by Lemmal|
Corollary 5.11|5.3 (D94 x B2)|R3) € P 5 S3. Then, by Corollary 5.5,
P = (SKSL U NISMSL).
(3) P C NISMSL but P ¢ SKSL,
in which case, by Lemma 5.11, (D94 x B2) € P 5 &3, and so, by Corollary
5.2, P = NISMSL.
(4) P C SKSL but P ¢ NISMSL,
in which case, by Corollary 5.3, 3 € P 3 &3, and so P = SKSL.
(5) P C NISKSL but P ¢ RSKSL,
in which case, by Lemma 5.10, (R3 x B3) € P 3 &3, and so, by Corollary
5.2, P = NISKSL.
(6) P C RSKSL but P ¢ SL,
in which case, by Corollary 5.8, 84 € P 2 &3, and so, by Theorem 5.9,

P = RSKSL.
(7) P CSL,
in which case P = SL.
In this way, [13, Theorem 4.8] completes the argument. O

This, by Corollaries 4.8, 5.2, 5.5 and Theorem 5.9, immediately yields:

Corollary 5.14. Any [pre-/-quasi-Jvariety P C SMSL such that P ¢ DML is gen-
erated by (P N DML) USL.

5.1. Relatively simple relatively subdirectly-representable pre-varieties
of strong Morgan-Stone lattices and algebras.

Lemma 5.15. Let P C [B|SMSL be a pre-variety. Then, (Sip(Q) N NI[B]SMSL) C
IB,).1] C [BIBL C [BIKL C [B]DML.

Proof. Consider any 2 € (Siq(Q) N [BINISMSL), in which case |A| > 1 [viz.,
1% £ T and so [as, by (4.7) and (4.8), {(0,0, L*), (1,1, T*)} € hom(Bs,01,2) is
injective], by Corollary 4.8 and Theorem 5.13, B, o) € Q. Then, by Corollary 5.2,
since B[ 01] has no proper subalgebra, there is some h € hom® (A, %2[,01]) # I, in
which case, by (2.4), as (imgh) = Ay is not a singleton, A2 # (ker h) = h; '[Ap,] €
Coq(R) C {A?, A4}, and so h is injective, as required, in view of Corollary 4.8. [

Theorem 5.16. Any relatively semi-simple relatively subdirectly-representable (mo-
re specifically, implicative) pre-variety P C [B]SMSL is a sub-variety of [B]DML,
i which case it 1s Uﬁlm’wp(m-implicative, and so “{relatively} (finitely-)semi-
simple”/ LU‘“Z”Q wp(ﬂ)—J implicative sub-{pre-}varieties of [B]SMSL are exactly sub-
varieties of [B]DML.

Proof. In that case, P is generated by K £ Sip(P), and so, by Lemmas 5.1 and 5.15,
P C [B|DML. Consider the following complementary cases:
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e K=g,
in which case P = [BJOMSL.
o K#£ .
Consider the following complementary subcases:
— K C NI[B]SMSL,
in which case, by (2.4) and Lemma 5.15, K = I8y 1}, and so, by
Corollary 4.8, P = [B]BL.
— K ¢ NI[B]SMSL.
Consider the following complementary subcases:
x K C ([B]JSKSL U NI[B]SMSL),
in which case IK C [BJKL, and so, by Lemma 5.15, P C [B]KL.
Conversely, take any 2 € (IK # @, in which case (UA[[X]]) €
(ISKSL, and so, by Corollary 5.3, there is an embedding e of &5
into A[L7]. Then, [as a £ e((0,1)) = =%a, by (4.7) and (4.8),
(0,0, L*),(0,1,a), (1,1, T*)} is an embedding of £3 1 into A,
in which case] R3(,01) € Q, and so, by Corollary 4.8, P = [B]KL.
* K ¢ ([BJSKSL U [B]NISMSL.

Take any B € (K\ ([B]SKSL U [B]NISMSL)) # &, in which case,
by Corollaries 5.5 and 5.6, there is an embedding f of D9,
into B[[X7], and so DMy € Q in the []-non-optional case. [By
contradiction, prove that ®My o1 € Q. For suppose DMy g1 &
Q, in which case it is not embeddable into 9B, and so, by (4.7) and
(4.8), both f({0]1,0[1)) # (L|T)*. Then, by (4.7) and (4.8), g =
(((mo[(2%x{(0,1)}))o £)U{((0,0), 0,0), L®), ((1, 1), (1,1), T®)}
) is an embedding of DM = ((DMy 01 X K3,01)[(dom g)) into
B, while Ag, X Ak, is that of £3¢; into Mg, whereas both
7T0”1[DM6] = (DM||K>4H3’ in which case {@mﬁ,ﬁg)m} - P ?
DM4,01, and so, by the Homomorphism Theorem and (2.4) {as
well as the simplicity of D04 01 and £3,01; cf., e.g., Lemma 4.6},
CQ(\l) £ ({ker(m [DM6) | 1€ (2(\1>)} - {man}(CO<P> (@m(;)\
{Apny,, DME}}). Hence, by the congruence-distributivity of
lattice expansions [12], since ([ C2) = Apns, Co is a basis of
Co(DM), in which case Copy (DMg) = (Cop\ 1y U{Apars, DME}
), and so, as Apy,, S ker(m [DMg) € DM, for 6 # 3 # 1,
DM € (SIp(P)\Sip(P)), contrary to the relative semi-simplicity
of P.] Thus, by Corollary 4.8, P = [B]DML.

This, by Corollary 4.8 (and Corollary 3.2), completes the argument. O

6. CONCLUSIONS

Perhaps, the most acute problem remained open concerns the lattice of quasi-
varieties of all (at least, quasi-strong) MS lattices. In this connection, perhaps,
a most acute open issue what is a “reasonable” class generating R(PS)KSL #
Rw (MS5) € NIPSKSL, for Ry (MS5)(5.4)[x: /(1 —i,1,0,1)];e2. After all, an in-
teresting (though purely methodological) point remained open is whether the op-
tional version of Corollary 5.14 can be proved directly prior proving Corollaries
4.8, 5.2, 5.5 as well as Theorems 5.9 and 5.13, in which case these would imme-
diately ensue from the main results of [13]. Likewise, it would be interesting to
find equational proofs (like that of (4.14)) of the rather curious inclusions such as
[B/INDM(L[/A]) C [B/JPSMS(L[/A]) C [B/WKMS(LI/A]) and [B/|QSWKS(LI/A])
C [B/]QSKS(L[/A]), just ensuing from Corollary 4.8.
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