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MORGAN-STONE LATTICES

ALEXEJ P. PYNKO

ABSTRACT. Morgan-Stone (MS) lattices are axiomatized by the constant-free
identities of those axiomatizing Morgan-Stone (MS) algebras. Applying the
technique of characteristic functions of prime filters as homomorphisms from
lattices onto the two-element chain one and their products, we prove that
the variety of MS lattices is the abstract hereditary multiplicative class gen-
erated by a six-element one with an equational disjunctive system expanding
the direct product of the three- and two-element chain distributive lattices, in
which case subdirectly-irreducible MS lattices are exactly isomorphic copies
of non-one-element subalgebras of the six-element generating MS lattice, and
so we get a 26-element non-chain distributive lattice of varieties of MS lat-
tices subsuming the four-/three-element chain one of “De Morgan” /Stone lat-
tices/algebras (viz., constant-free versions of De Morgan algebras)/(more pre-
cisely, their term-wise definitionally equivalent constant-free versions, called
Stone lattices). Among other things, we provide an REDPC scheme for MS
lattices. Laying a special emphasis onto the [quasi-]equational join (viz., the
[quasi-]variety generated by the union) of De Morgan and Stone lattices, we
find a fifteen-element non-chain distributive lattice of its sub-quasi-varieties
subsuming the eight-element one of those of the variety of De Morgan lattices
found earlier, each of the rest being the quasi-equational join of its intersection
with the variety of De Morgan lattices and the variety of Stone lattices.

1. INTRODUCTION

The notion of De Morgan lattice, being originally due to [11], has been indepen-
dently explored in [7] under the term distributive i-lattice w.r.t. their subdirectly-
irreducibles and the lattice of varieties. They satisfy so-called De Morgan identities.
On the other hand, these are equally satisfied in Stone algebras (cf., e.g., [5]). This
has inevitably raised the issue of unifying such varieties. Perhaps, a first way of
doing it within the framework of De Morgan algebras (viz., bounded De Morgan
lattices; cf., e.g., [1]) has been due to [2] (cf. [17]) under the term Morgan-Stone
(MS) algebra providing a description of their subdirectly-irreducibles, among which
there are those being neither De Morgan nor Stone algebras. Here, we study un-
bounded MS algebras naturally called Morgan-Stone (MS) lattices. Demonstrating
the usefulness of the technique of the characteristic functions of prime filters and
functional products of former ones as well as disjunctive systems, we briefly dis-
cuss the issues of subdirectly-irreducible Morgan-Stone lattices and their varieties.
Likewise, summarizing construction of REDPC schemes (cf. [4]) for distributive
lattice][ expansions originally being due to [6] [and [8, 15]], we provide that for
Morgan-Stone lattices and an enhanced one for the {quasi-}equational join of De
Morgan and Stone lattices. Nevertheless, the main purpose of this study is to find
the lattice of sub-quasi-varieties of the latter upon the basis of that of the variety
of De Morgan lattices found in [12].

The rest of the work is as follows. Section 2 is a concise summary of basic set-
theoretical and algebraic issues underlying the work. Then, in Section 3 we briefly
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2 A. P. PYNKO

summarize general issues concerning REDPC in the sense of [4] as well as equational
implicative/disjunctive systems in the sense of [14]/[13] in connection with simplic-
ity /“subdirect irreducibility”. Next, Section 4 is devoted to preliminary study of
Morgan-Stone lattices. Further, Section 5 is a thorough collection of culminating
results on sub-quasi-varieties of the [quasi-Jequational join of De Morgan and Stone
lattices. Finally, Section 6 is a concise collection of open issues.

2. GENERAL BACKGROUND

2.1. Set-theoretical background. Non-negative integers are identified with the
sets/ordinals of lesser ones, “their set/ordinal”|“the ordinal class” being denoted
by w|oo. Unless any confusion is possible, one-element sets are identified with their
elements.

For any sets A, Band D as wellas § C A* and g : A* — A, let pix)((B,)A) be the
set of all subsets of A (including B) [of cardinality in K C oo}, ((Aa|ve)||(A/0)]x5)
= ({{a,alf{a}]) | a € A}Hwo[Alll(((AN B) x {1}) U ((A\ B) x {0}))), A1+ £

Ume(w\(0|1))Am) and g4 : At — A’<[<a7b>v]c> = [g]([g+(<a,b>),]c), A-tuples
{viz., functions with domain A} being written in the sequence form ¢ with ¢,
where a € A, standing for 7, (#). Then, for any (a|C) € (A*|p(A)), by induction
on the length (viz., domain) of any b = ([¢,d]) € A*, put ((a * b)|(b(N/\)C)) =

(([{Jalxc, HDI(([e(n/\)CGd)))) l[(provided d € / ¢ C)]. Likewise, given any S €
TE and f € [T,ep 52t let (ITF) : A — (ITpep Sb),a — (fo(a))ses, in which case

(2.1) ker([TF) = (A2n([) (ke ),

beB

(2.2) voeB:fy = (J[F)eom),

fo x f1 standing for (I] f), whenever B = 2.

A lower/upper cone of a poset P = (P,<) is any C C P such that, for all
acCandbeP,(a2/<b) = (beC) Then, ana € S C P is said to be
minimal/mazimal in S, if {a} is a lower/upper cone of S, their set being denoted
by (min / max)qp<(5).

An X €Y C p(A) is said to be [K-Jmeet-irreducible in Y, [where K C oo,
if VZ € pi(Y) : (AN(NZ)) = X) = (X € Z), their set being denoted by
MIEl(v).

2.2. Algebraic background. Unless otherwise specified, we deal with a fixed but
arbitrary finitary functional signature X, 3-algebras/ “their carriers” being denoted
by same capital Fraktur/Italic letters (with same indices, if any) “with denoting
their class by Ay” /. Given any a € (00\1), let Tmg; be the carrier of the absolutely-
free $-algebra Tm$,, freely-generated by the set Vi, £ {25} geq of (first a) variables,
and Eqs £ (Tm$)?, ¢ ~ /[S | Z]v, where ¢,9 € Tm§: /land S £ {A,V} C 3]
meaning (¢[V| A ], ¢) “and being called a X-equation of rank «” /. /[Likewise, for
any Y-algebra 2l and a,b € A, a(< | >)%b stands for a = (a(A|V)?b).] Then, any
(T, @) € (poo/1[un)) (Eas) x Eqg) /“with o € w” is called a ¥-implication/-[quasi-
Jidentity of rank «, written as I' — ® /[and identified with ®] as well as treated as
the universal infinitary /first-order /[positive] strict Horn sentence Vgeaxzg((AT) —
®), the class/set of those of any /finite rank true in a K C Ay being called the
implicational/[quasi-Jequational theory of K and denoted by (J/[Q]€)(K).
Subclasses of Ay, “closed under I|S|P[U]” /“containing each X-algebra with fini-
tely-generated subalgebras in them” are referred to as “abstract|hereditary|[ultra-
Jmultiplicative” /local (cf. [10]). Then, a skeleton {of a(n abstract) K C Ag} is
any S C Ay, without pair-wise distinct isomorphic members {such that S C K C IS
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(i.e., K=1IS)}. Given a K C Az > 2, set hom(2, K) £ (|J{hom(2,B) | B € K}
and Cog(A) £ {6 € Co(2) | (A/0) € K}, A = K standing for A € ISK and thus
providing a quasi-ordering on Ay, in which case, by the Homomorphism Theorem,
we have

(2.3) ker[hom (2L, K)] = Corgk (),
and so, since, for any set I, any B € AL and any f € ([]

(2.4) (] £) € hom(2, [ [ B4),

iel

ey hom(2A,B,)):

by (2.1) and (2.2) with I £ Corsk () for B, B £ (B/i);cr and f = (1;)ic1, We get:
(2.5) (A € ISPK(=TPPIIS . ,K)) < (4N () ker[hom(2, K)])) = A).

According to [16], pre-varieties are abstract hereditary multiplicative subclasses
of Ay, (these are exactly model classes of theories constituted by Y-implications
of unlimited rank, and so are also called implicative/implicational; cf., e.g., [3]),
ISPK = Mod(J(K)) being the least one including and so called generated by a K C
Asx. Likewise, [quasi-jvarieties are [ultra-multiplicative] pre-varieties closed under
HU[2 1] (these are exactly model classes of sets of ¥-[quasi-]identities of unlimited
finite rank, and so are also called [quasi-]equational; cf., e.g., [10]), HISP[PV)K =
Mod([Q]I(K)) being the least one including and so called generated by a K C Ag.
Then, intersections of a K C Ay with [quasi-]varieties are called its relative sub-
[quasi-Jvarieties, in which case, for any € C Eqy,

(2.6) (TPSP (K) N Mod(€)) = IPP (K N Mod(€)),

and so S — (SN K) and R — IPSPR are inverse to one another isomorphisms
between the lattices of relative sub-varieties of IP®PK and those of K.

Recall that an 2 € Ay, is called simple/[finitely-]subdirectly-irreducible, if Ay €
(maxc / MI®)(Co(2A) \ ({A2}/2)), in which case |A| # 1, the class of {those of}
them {which are in a(n equational) K C Ag} being denoted by (Si/SI®N{(K)}
{and so, by (2.3) and (2.5),

(2.7) SI(ISPK) C IS+1K
(K being said to be semi-simple, if SI(K) C | = Si(K))}.

3. PRELIMINARIES

AT C Eq42 is called an implication scheme for a K C Ay, if this satisfies the
Y-implication:

(3.1) ({xo = 21} UDU) — (22 = z3).

Likewise, it is called an identity|reflexive|symmetric|transitive one, if K satisfies
the X-implications of the form (&|@|0|(U U (U[zeyi/xsti)ic2))) — ¥, where ¥ €
(O([zs/x2|[Toyi/Tilic2|[Ts/x2, x2/x3]|[x3/24])), reflexive symmetric transitive ones
being also called equivalence ones. Then, U is called a congruence one, if it
is an equivalence one, while, for each ¢ € ¥ of arity n € (w\ 1), K satisfies
the Y-implications of the form (U;c, (Ol2+i/T21it25)lic2)) — ¥, where U €
(Olzati/<s({(Toyit(2-5))jen)]ic2).] Finally, U [being finite] is called an REDPC/ “(eq-
uational) implicative|disjunctive scheme/system for a K C Ay, if, for each 2 € K
and all @ € A, (V0 € (Co()/{A4}) : ({(ag,a1) € | € 0) = ({ag,a3) € 0)) & (A =
(AU)[w;/a;)ier [cf. [4]/[14]][13]] /“and so for IS[PY]K” /“{pre-varieties generated
by classes of} -algebras with implicative system U being called U-implicative with
the class of (non-one-element) U-implicative members of a C C Ay denoted by
> {in which case, providing an U-implicative pre-variety is quasi-equational

U ) )
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by the Compacteness Theorem for ultra-multiplicative classes (cf., e.g., [10]), it is
U’-implicative, for some U’ € p,,(U), and so the notion of implicative quasi-variety
adopted here is equivalent to that adopted in [14]}”].

3.1. Implicativity versus REDPC and [semi-]|simplicity.

Lemma 3.1. Let U C Eq% be an implication scheme for a variety V C Ax,, A €V,
a,b € A? and 0 = 0*(a). Suppose A = (A\U)[zi/a;, v21i/bilica. Then, b€ 6.

Proof. As (3.1) is true in V 3 (2/0) = (AU)[xi/ve(a:), va+i/ve(bi)]ic2, while a €
0 = (kervy), we get b € 6. O

Corollary 3.2. Let U C Eqé be an implication/REDPC scheme for a variety
V C As. Then, V3! C /= Si(V).

Proof. Consider any 2 € V3! and 9 € (Co(2) \ {A4}), in which case there is some
ac (9\Aa)# 3, and so, for any b € A% A |= (A\U)[zi/ai, vo1i/bilic2. Then, “by
Lemma 3.1”/ b € #%(a) C ¥, in which case ¥ = A2, and so 2 is simple. Conversely,
for any A € Si(V), Co(2) = {A 4, A%}, in which case, for alla € A%, as (ag, a3) € A2,
we have (V0 € Co(2) : (ap 0 a1) = (a2 0 a3)) < ((ag = a1) = (a2 = a3)), and so A
is U-implicative, whenever U is an REDPC scheme for V 5 2. O

Theorem 3.3. Any U C Eq% is an identity congruence implication scheme for afn
equational] K C Ay if[f] it is an REDPC one.

Proof. The “if” part is immediate. [Conversely, if U is an identity congruence
implication scheme for K, then, by induction on construction of any ¢ € Tm$, we
conclude that K satisfies the X-identities in U[xa;/(@[ro/2;])]ic2, in which case, by
Mal’cev Lemma [9] (cf. [4, Lemma 2.1]), for any 2 € A, @ € A% and b € §%(a), we
have A = (A U)[zi/a;, T2+i/bilic2, and so Lemma 3.1 completes the argument]. O

Next, by Birkgoff’s Theorem and (2.7), we immediately have:

Lemma 3.4. Let U C Eqé. Then, any variety V C Ay, is G-implicative iff U is
an implicative system for SI(V).

Likewise, as A4 is a congruence of any ¥-algebra 2, by the reflexivity of impli-
cation, we equally have:

Lemma 3.5. Any implicative system U C Eq% for any K C Ax, is an identity
congruence implication scheme for K.

These lemmas, by Corollary 3.2, Theorem 3.3 and Birkgoff’s one, immediately
yield:
Corollary 3.6. Let U C Eq%. Then, any variety V C Ay, is U-implicative iff it is
semi-simple with REDPC scheme U, in which case (SI|Si)(V) = Vz!.

3.1.1. Generic identity equivalence implication schemes for distributive lattice ex-
pansions. Here, it is supposed that ¥y C ¥. Given any 2 € Ag, X C A and
Q C Tmgy,, we have Q% : A — p(Q),a — {p € Q| p*(a) € X}.

Given any ¢ € (Tmyg)* with 29 € £ 2 (img@), ¢t € Q € p(V1,E), i € 2 and
A€ p(E), let £5'5 £ (A {(BNA) * (8N A) o [wo/x1]), t(w244))) S (V4((8\ D) *
(@ \ A) o [wo/@1]),e(w3-4))) € Eqy and U £ {efs | i € 2,0 € QA € p()} €
9w (Eds).-

Lemma 3.7. Let 2 be a X-algebra with (distributive) lattice X, -reduct, ¢ €
(Tmy)* with x9 € E 2 (img@) and Q € p(Vi,Z). Then, UF is an identity re-
flexive symmetric (transitive implication) scheme for 2.
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Proof. Clearly, for all j € 2, 1 € E and A € p(Z), there are some ¢,1),§ € Tm?,
such that (e2'A[z3/22]) = (¢ A €) £ (¥ VE)), in which case this is satisfied in
lattice Y-expansions, and so in 2(. Likewise, there are then some 7, ¢ € (Tm%)‘*‘
with ((img7) N (img{)) # @ such that (5 [rosi/ailica) = (A7) £ (V4Q),
in which case this is satisfied in lattice ¥-expansions, and so in 2. Furthermore,
(B o /23, x3/20]) = US. (Next, since the X -quasi-identity {(zo A z1) 5 (22 V
x3), (o Ax3) S (x2Vaa)} — (o Ax1) S (2 V 24)), being satisfied in distributive
latices, is so in 2, so are logical consequences of its substitutional Y-instances
(B4 U (B lr21i/r31ilic2)) — ¥, where ¥ € (U§[x3/x4]). Finally, consider any
a € Aand b € (A2\ A,), in which case, by the Prime Ideal Theorem, there
are some k € 2 and some prime filter F' of 2 sud_l that by, € F ¥ by, and
so, as A £ Z%(a) € p(E) and zg € Q, A (AVE)[wi/a, xari/bilica, for A B

52’,’2’ [zi/a, T21i/bilie2-) i

This, by Corollary 3.2, immediately yields:

Corollary 3.8. Let 2 be a non-one-element X-algebra with distributive lattice 3 -
reduct, ¢ € (Tms,)* with xo € E £ (img @) and Q € p(Vi,Z). Suppose UF is an
implicative system for A. Then, A is simple.

3.1.1.1. Equality determinants versus implicativity. Recall that a (logical) X-matriz
is any pair A = (A, D) with a ¥-algebra 2 and a D C A, in which case an Q C Tmy,
is called an equality/identity determinant for A, if Q% is injective (cf. [13]), and so
one for a class M of Y-matrices, if it is so for each member of M.

Theorem 3.9. Let M be a class of S-matrices and ¢ € (Tmy)* with 29 € E £

(img @). Suppose, for all A € M, 7o(A)IX4 is a distributive lattice with set of its
prime filters m[M N 7o '{mo(A)}]]. Then, Z is an equality determinant for M iff
Gy, is an implicative system for (IS;sy{PY})mo[M] (fin which case its members
are simple]).

Proof. Let A= (A, D) € M, a € A% and, for any b € A2, hy £ [;/a;, vo1i/bi)ica-
First, assume = is an equality determinant for M. Consider any b € A%. Assume
A B Eé’z][hg], for some j € 2 and A C E, in which case, by the Prime Ideal
Theorem, 3B = (A, D') € M : Vk € 2: A = =Z%,(ax), and so ap = a;. Then, by

Lemma 3.7 with Q = =, U‘“‘}l is an implicative system for 2I. Conversely, assume
U%r is an implicative system for A and A £ E%(ag) = =% (a1). Take any b €
(D x (A\ D)) # @, in which case, as A C E 3 xg, A B 5?5’20 [hg], for D is a prime

filter of A, and so ap = a1. (Finally, Corollary 3.8 completes the argument.) O

3.2. Disjunctivity.

3.2.1. Disjunctivity versus finite subdirect irreducibility.

Lemma 3.10. Any [finite] non-one-element A € Ax with a disjunctive system
U C Eq% is finitely subdirectly-irreducible [and so subdirectly-irreducible].

Proof. Consider any 6,9 € (Co(A)\{A4}) and take any (a|b) € ((0]9)\{A4}) # 2,
in which case the ¥-identities in U[z;3/2¢2], being true in 2, are so in 2/(6]9) (in
particular, under [zg|2/vgj9((alb)o), T (20)+i/Vejs ((bla)i)]ic2), and so Ay 2 {(#*[z;/
iy Tori/bilica, O [wi/ai, xoyri/bilico) | (¢ =) € U} C (#ND). Then, (NV) # Aa.
Thus, induction on the cardinality of finite subsets of Co(2() ends the proof. O
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3.2.2. Disjunctivity versus distributivity of lattices of sub-varieties.

Lemma 3.11. Let K be a class of X-algebras with a disjunctive system U C Eq%
as well as R and S are relative sub-varieties of K. Then, so is RN|JUS. In
particular, relative sub-varieties of K form a distributive lattice.

Proof. Take any J,d C Tms: with (R|S) = (KNMod(J|d)), in which case (RN [|US)
= (KN Mod((JU I U{B[zi/ di, wavithilicz | (9l1) € ((Nd)[x;/725)+01)]icw)}))s

and so the distributivity of unions with intersections completes the argument. [
This, by (2.7), (2.6) and Lemma 3.10, immediately yields:

Corollary 3.12. Let K be a [finite] class of finite X-algebras with a disjunctive
system U C Eq‘é and P the pre-variety generated by K. Suppose P is a variety.
Then, SI(P) = IS-1K, in which case S — (SNS~1}K) and R — IP5PR are inverse
to one another isomorphisms between the lattices of sub-varieties of P and relative
ones of S;>13K, and so they are distributive [and finite/.

Likewise, by (2.7), (2.6), Corollary 3.6 (as well as [14, Remark 2.4] and Lemma
3.11), we immediately have:

Corollary 3.13. Let K be a [finite] class of [finite] X-algebras with a (finite) im-
plicative system U C Eq42 and P the pre-variety generated by K. Suppose P is a
variety. Then, (SI|Si)(P) = Pj' = IS5 K, in which case S — (SN S(=13K) and
R — IPSPR are inverse to one another isomorphisms between, the [finite] (distribu-
tive) lattices of sub-varieties of P and relative ones of Sy=13K.

4. MORGAN-STONE LATTICES VERSUS DISTRIBUTIVE ONES

From now on, we deal with the signatures 25-7[,)01] £ (ZL(U{=PU{L, T},
[bounded] (distributive) lattices being supposed to be Y[ j-algebras with their
variety denoted by [B](D)L and the chain [bounded] distributive lattice with carrier
n € (w\ 2) and the natural ordering on this denoted by D1}, in which case
e £ {(0,0), (1,n — 1)} is an embedding of Dg,01) into D[ 01), while, for each i € 2,
e (Xg\(g—i) X Xg\(lH)) is an embedding of D[ oy) into ’}33[7011. First, taking the
Prime Ideal Theorem, (2.5), (2.7) and Corollary 3.7 into account, we immediately
have the following well-known fact (cf. [6] as to REDPC for [B|DL):

Lemma 4.1. Let 2 € B]L and F C A. Suppose F is either a prime filter of 2
orin {@, A}. Then, [unless F € {@, A}] h £ x% € hom(2, D[ 1)) [and h[A] = 2],
in which case [B]DL = IPSD@%OH, and so [B]DL is the semi-simple [pre-/quasi-
Jvariety generated by D01 with (Si|SI)([B]DL) = 1Dy 01 and REDPC scheme

O

A [bounded] (De) Morgan-Stone {(D)MS} lattice is any ¥ [o1-algebra, who-

se X[ oy-reduct is a [bounded] distributive lattice and which satisfies the X7 -
identities:

(4.1) ﬁ(xo/\xl)
in which case, by (4.1) [and (4.2)[zo/T]
¥ [ o1)-identity]:

(4.3) (o T 21) — (71 3 o),
(44) =T = T],

(mzo V 1),

AR

— %o,

, it satisfies the 37 -quasi-identity [and the
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(1,1,1)

0,1,1)
(1,1,0)

(0,1,0) (0,0,1)

(0,0,0)

F1GURE 1. The Morgan-Stone lattice 9MSg.

and so the Ejr[ 01]—identities:

(45) _|({E0 V 1’1) ~ ("(Eo A\ _‘1'1),
(4.6) ——moxg A g,

(4.7) -1 = T

their variety being denoted by [B](D)MSL. Then, bounded Morgan-Stone lattices,
satisfying the X7 ;-identity:

(4.8) T~ 1,

are nothing but (De) Morgan-Stone {MS} algebras [2] (cf. [17]), their variety being
denoted by (D)MSA. An a € A is called {a} (negatively-)idempotent {element of
an A € MSL}, if {(=%)a} forms a subalgebra of 2, i.e., =%(=%)a = (=%)a, with
their set denoted by %(QL), Morgan-Stone lattices with carrier of cardinality no less
than 2({—1}) and with({out non-}negatively-)idempotent elements being said to
be ({totally} negatively-)idempotent.

Remark 4.2. By (4.1), (4.5), (4.6), Corollary 3.7 and Theorem 3.3, om0 o)

{z0,~z0,{7x0}

is an REDPC scheme for [B]MS(L[/A]). O

Let MG be the X -algebra with (MSe[T) = ((D31(22 \ {(1,0)})) x D2) and
-MS6q £ (1 —ag,1 —ag, 1 —ay), for all @ € M Ss (the Hasse diagram of its lattice
reduct with its [non-Jidempotent elements marked by [non-]solid circles and arrows
reflecting action of its operation — on its non-idempotent elements is depicted at
Figure 1), in which case it is routine to check to be a Morgan-Stone lattice, and so
are both MS5 2 (MSe[(MSs \ {(0,0,1)}) and MS, & (MS5[{(i,1,0) | i € 2})
as well as, for each j € 2, MSy; = (MS54; [(MS54;\ (((F+1) x {1}) x {1 —3}))).

Likewise, let (DM[S),; be the X -algebra with ((DM|S),;IX]) = 9313 and

ST 2 (((m112) 0 (22 Aa)) x (m0]2) 0 (22\ A2)))|x}), in which case e&f; 2

((((m0122) x (m012)) x (m1122))|(eho % Xx3'"")) is an embedding of (DM|S),, into
(MS|MS) 5. Finally, for any n € ({3,4}[{2}), let (]]B),, be the ¥ -algebra with

((8]8),,1%7) £ D, and =B £ {(m,n — 1 —m) | m € n}, in which case 6;”4 is
an embedding of B, into R34, while, for every | € 2, 5%:1 is an embedding of &3 into
DMy, and so €3, 0€§ is that into IM&y.(1—1)- Moreover, { M Sg, M S5, M S, img (€3 o
e} U (U{{M Syk,img(ed . 0 €§)} | k € 2}) are exactly the carriers of members
of S.19MGg, in which case these are isomorphic to those of the skeleton MS £
({MS, | £ €{6,5,2}} U{MB4x | k € 2} U {DMy, A3, S3,B2}), and so this is that
of IS<19MSs with the embeddability partial ordering < between members of MS,
for these are all finite. And what is more, Dg £ (M Sg N7y '[{1}]) is a prime filter
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of MS¢ Y., while Q £ {xq, o, ~—x0} is an equality determinant for (MSg, D),
in which case, by [13, Lemma 11], Uq £ {(7(z,) A p(z21,)) S (T(21-,) V p(x3-,)) |
1,7 € 2,7, p € N} is a disjunctive system for MSg, and so, for ISMS.

Remark 4.3. Elements of PF, 2 {22 N7, '[{1}] | i € 2} are exactly all prime filters
of ®2, while {zg, ~7¢} is an equality determinant for M = ({D9M,} x PFy), in which
case, by Theorem 3.9, U%Oﬁwo) is an implicative system for IS 1309, {and so,
by Corollary 3.8, its members are simple, as it is well-known but shown directly in
a more cumbersome way }. O

Theorem 4.4. For any prime filter F' of the X -reduct of any A € MSL there is an
h € hom(2A, MS) with (kerh) C (ker xk), in which case MSL is the [pre-/quasi-
Jvariety generated by MSg with REDPC scheme U@O’wo’ﬁﬂo , and so SI(MSL) =
IMS.

Proof. Let f 2 x4, G2 (=%)"'[(=*)'[F)], H 2 (A \C %) "'[F)) and h 2 (f x
x%) x xf), in which case, by (2.1) and (4.6), (ker f) 2 (((ker f) N (ker x5)) N
(ker x1)) = (kerh) C (=% o h), while, by (4.1) and (4.5), G|H is either a prime
filter of A3 or in {&, A}, whereas, by (4.2), F C G, and so, by (2.2), mp(h(a)) <
m1(h(a)), for all a € A. Then, by (2.4), Lemma 4.1 and the Homomorphism
Theorem, h is a surjective homomorphism from 2 onto the ¥ -algebra B with
(BI1Y,) £ (D31h[A]) as well as = £ (h~! o =% o h), in which case B C M S,
since mo(h(a)) < w1 (h(a)), for all a € A, and so B = (MSs[h[A]), as, for all
ac A (-*acG) e (-*acF) < (ag H), in view of (4.6), as well as (-%a €
H) & (-*-%a ¢ F) < (a ¢ G). Hence, h € hom(2,MSg) and (ker h) C (ker f).
Thus, the Prime Ideal Theorem, (2.5), Corollary 3.12 and Remark 4.2 complete the
argument. O

The X -reduct of any 2 € MS, being a finite lattice, has zero/unit a/b in
which case we have the bounded Morgan-Stone lattlce o1 with (A1 [ ) =
and (J_/"I')Ql”1 £ (a/b), and so, for all € € MSy; = {By; | B € MS} and D €
MS_ 2,01 = (MSg1 \ {WGQ 01}) (( er) = (CFZ;)) = (@ = Q:) Then, since
MS2.01 & MSA D (ISMGSg,01) 2 MS_2 01, while surjective lattice homomorphisms
preserve lattice bounds (if any), whereas expansions by constants alone preserve
congruences, by (2.5), (2.6) and Theorem 4.4, we immediately get:

Corollary 4.5. Let K = (@|{IMGq01}. Then, V = (BMSL|MSA) is the [pre-/quasi-
Jvariety generated by {IMSg 01, MS2,01} \ K with SI(V) = I(MSp; \ K) and REDPC

scheme U<x°’ﬁx°’ﬁﬂ°>.

This subsumes [2] and also yields a uniform insight into REDPC for Stone and
De Morgan algebras, originally given by separate distinct schemes in [8, 15] and a
bit enhanced in Corollary 4.8 due to Lemma 4.7.

[Bounded/] Morgan-Stone lattices[/algebras], satisfying either of the following
equivalent — in view of (4.2) — X -identities:

(4.9) (=20 (V—20)) = || 5 (20 (V-0)),

are called [bounded/] (nearly) De Morgan lattices[/algebraas], their variety being
denoted by [B/](N)DM(L[/A]). Likewise, those, satisfying the ¥} -identity:

(4.10) (xo A —z0) S 21,

are exactly [bounded/] Stone lattices[/algebras] [cf., e.g., [5]], their variety being

denoted by [B/]S(L[/A]). Then, members of [[B/]B(L[/A]) £ ([B]DM(L[/A]) N
[BJS(L[/A])) are exactly [bounded/] Boolean lattices[/algebras]. Further, [bounded/]
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Morgan-Stone lattices[/algebras|, satisfying “either of the former”|“the latter” of
the following X7 -identities:

(4.11) (—\_‘1‘0 A —\xo) ~ || é (330 N —\.230),

(4.12) -0 é (2o V (m—x1 V —21)),

“in which case they satisfy the X7 -quasi-identities:

(4.13) (mzo S @0) < || = (m2o S —~0),

in view of (4.2)”| are said to be quasi-|pseudo-strong, their variety being denoted
by [B/](Q|P)SMS(L[/A]), Then, members of [B/]SMS(L[/A]) £ ([B/]QSMS(L[/A]) N
[B/]PSMS(L[/A])) 2 ([B/]IDM(L[/A]) U [B/]S(L[/A])) are said to be strong, in which
case, by (4.2) and the uniqueness of relative complements in distributive lattices:
(4.14) ([BI{Q}SMSL N [B]NDML) = DML.

Furthermore, [bounded/] ([ quasi-|pseudo-]strong) {weakly} Kleene(-Stone) lattices
[/algebras] are [bounded/] ([quasi-|pseudo-]strong De-Morgan(-Stone) lattices[/al-
gebras| satisfying the following ¥ -identity:
(415) (CL‘O N _\1'0) é (_L’El \% {""}1’1),
their variety being denoted by

[B/IIQIPTS){WIK(S)(LI/A]) 2 ([B/IS(L[/A]) U [B/K([QIPTS)K(S)(L[/A])),
in view of (4.2). Likewise, members of [B/]NK((L[/A]) = ([B/]{W}KS(L[/A])
N[B/INDM(L[/A]) are called [bounded/] nearly Kleene lattices[/algebras]. Next,
the variety of totally negatively-idempotent [bounded] Morgan-Stone lattices, be-
ing relatively axiomatized by the X7 -identity:
(416) g X X,

is denoted by [B]TNIMSL. Likewise, the variety of one-element [bounded/] Morgan-
Stone lattices[/algebras], being relatively axiomatized by the Y7 -identity:

(4.17) To X T,

is denoted by [B/JOMS(L[/A]). Further, members of [B/](M|{W}K)S(L[/A]), satis-

fying following ¥ -identity:

(4.18) ((mzo A =zo) A ) S ((hmo A o) V 1),

are said to be almost quasi-strong, their variety being denoted by
[B/JAQS(M{W}K)S(L[/A]) 2 ([B/]QS(M{W}K)S(L[/A]) U ([B]TNIMSL[/2])).

Then, members of

[B/IAS(M{W}K)S(L[/A]) = ([B/]AQS(M{W}K)S(L[/A])N
[B/IPS(M{W}K)S(L[/A])) 2 ([B/IS(M{W}K)S(L[/A]) U ([B]TNIMSL[/2]))

are said to be almost strong. Likewise, members of [B/](M|{W}K)S(L[/A]), satisfy-
ing the following ¥ -identity:
(419) (_|_\l‘0 A _\_‘1‘1) é (1‘0 \ _\1‘1)7
are called [bounded/] almost “De Morgan”| “{weakly} Kleene” lattices[/algebras],
their variety being denoted by [B/]A(DM|{W}K)(L[/A]) 2 ([B/](DM|{W}K)(L[/A])
U ([B]JTNIMSL[/2])). Finally, [bounded/] Morgan-Stone lattices[/algebras], satisfy-
ing the optionallnon-optional version of the following X7 -identity:

(420) (_LIO V <_|_|>I0) % I,

are called [bounded/] almost Stone|Boolean lattices[/algebras], their variety being
denoted by [B/]A(S|B)(L[/A]).
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MSe[,01]

DMy 01 MS 411,01

G301

R3[,01]

Bol,01

FIGURE 2. The poset (MSgy}, =) [with merely thick lines].

Let M8y [(21)] £ ({[(4.8),1(4.9), ((4.9)), (4.10), (4.11), (4.12), (4.15), {(4.15)},
(4.18), (4.19), (4.20), ((4.20)), (4.16)}[N E(A)]) [where 2A € MSjgy].

Lemma 4.6. For any 24 € MSjgy), MS8(o1)(A) is given by Table 1. In particular,

xo, —\1:0[ —|—|a:0—‘>

the poset (MSyg1), X) is given by Figure 2 with (non- )‘%mple/U{Lo(ﬁmLﬁuoﬂ}'
implicative members marking (non-)solid circles-nodes [and merely thick lines].

Proof. Clearly, for any line of Table 1, the identities of the second column of it
are true in the algebra of the first one. Conversely, MSso1) [~ (4.15)[z; /(1 —
i1, 0)lie2, Gspon = ((((4.9))](4.9))[((4.19)](4.20)))[zi /(1 + Dlicaj2), DMago1) ¥
(A15)[{(15) D i/ (i 1,1~ Dliczr MSuaon B (412)[r0/(0,1, 1), 21/(0,0, 1)),
MSuop01] = (4:18)[2i/ (i, 1,9)ic2, Rson) = ((4.10)[(((4.20))][(4.20))) [0 /1, 21/(0]
2)] and (B|MS),oq; F (4.16((4.9]14.11))[z0/(0[(0,1,0))] [as well as MS201 [~

(4.8)]. Moreover, by Remark 4.2, Ugjo’ﬂmo’ﬁ_‘%) is an REDPC scheme for MSL D

TABLE 1. Identities of M§p;] true in members of MSygy;.

MSe)01] a[u{(4.8)}]
MSs,01] {[(4.8),](4.12), {(4.15) }}
IS s:0(,01] {[(4.8),]((4.9)), (4.12), (4.15), {(4.15) } }
MS 1[,01] {[(4.8),](4.11), (4.15), {(4.15)}, (4.18)}
DMy o1] {[(4.8),](4.9), ((4.9)), (4.11), (4.12), (4.18), (4.19)}
Moo | (A0, (412), (115, {(115)}, (4.16), (1.18), (4.19), (1.20), (120}
Ral01] M3o1) \ {(4.10), (4.20), {(4.20)), (4.16)}
Syton NESj01, \ 1(2.9), ((4.9)), (4.19), (4.20), (4.16)]
Boro1] MS8po1 \ {(4.16) }
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MS, in which case, by Corollary 3.2, any simple member 2 of it is Ugo’ﬁmo’ﬁﬂ“)—
implicative, and so all those members of MS, which are embeddable into 2, being
then Ugo’wo’ﬁw@—implicative as well, are simple too. On the other hand,

(4.21) Xg\l =(e5om) € hom(&sp,017, Baf,01]);

in which case (kerxg\l) € (Co(Bsp017) \ {A3,3%}), and so G31,01) is not simple.
Likewise, h = {<El, [%WD | a € MS4;0} S hom(9)?64:0[’01],ﬁ3[)01]), in which
case (kerh) € (Co(MSpo1,01]) \ {Arss0. MS30}), and s0 MS 4,p,01] is not simple.
Thus, the fact that varieties are abstract and hereditary, the simplicity of two-
element algebras, the equality (4.11) = ((4.10)[zo/—20, 1/ (20 A —20)], Remark 4.3
and the truth of the identity (4.9)[(—zo ~ —z1) in (DM[ME),, end the proof. [

Lemma 4.7. Let 2 € SMSL, a,b € A and F a prime filter of A[¥. Suppose
both ((-*)a € F) & ((=*)b € F). Then, (-*-*a € F) & (-*-%bc F).

Proof. Assume =%—%q € F. If b € F, then, as 2 |= (4.2)[x0/b], we have -*-%b €
F. Otherwise, a ¢ F, in which case, as 2 = (4.11)[zg/a], we have =%a ¢ F, that
is, =%b ¢ F, and so, since A = (4.12)[z¢/a, z1/b], we get =¥=%b € F as well. O

Corollary 4.8. Sub-varieties of [B/IMS(L[/A]) form the non-chain distributive lat-
tice with 26[(4+8)/(—9)] elements, whose Hasse diagram with [both thick and] thin
lines is depicted at Figure 8, any (non-)solid circle-node of it being marked by a
(non-)semi-simple|(Ug‘;’ﬁf;gf:ﬁl%}—>implicative variety V C [B/IMS(L[/A]), nu-
mbered from 1[+(0/17)] to 26[+8] according to Table 2 with k = (9 - (1[/0])) [as
well as £ £ (26 - (0/1))] and MSy[o1 £ max<((MS[_201)[UK]) NV), where K £
({MS3,01}/2]), given by the third column, in which case SI(V) = IS51MSy oy,
and so V is the (pre-||quasi-)variety generated by MSy o). In particular, [B]SMSL

is the one generated by {SI}([B]DML U [B]SL) with REDPC scheme o o)

{zo,mxo0}"

TABLE 2. Maximal subdirectly-irreducibles of varieties of [bound-
ed/] Morgan-Stone lattices[/algebras].

1[+0 [BIMS(L[/A]) {MSg,011} [UK]
2[+4 [BIPSMS(L[/A]) {MS51,017, DMy 017} UK]
3[+4 [B]WKS(L[/A]) {MS51,017, MG 411,011 HUK]
4[+4 [BJPSWKS(L[/A]) {93?65[,01]}[UK}
5[+/] [BIKS(L[/A]) {MSy.if01) | i € 2}UK]
6[+/] [BJPSKS(L[/A]) {MS 401,011, G301} UK]
7[+] [BJNDM(L[/A]) {MS 401,011, DM 011} UK]
8[+¢] [BINK(L[/A]) {MS 400,01} UK]
9 [BJTNIMSL {mGQLOH}
19(=k) | [B/J[(A)QSMS(L[/A]) | {MS4.1[01): DMup011}(UK)
20(—k) | [B/](A)QS{W}KS(L[/A]) {MS 41,011} (UK)
21(—k) [B/](A)SMS(L[/A]) {63101, DM 4f, 011} (UK)
22(—k) [B/](A)DM(L[/A]) {DMy] 017} (UK)
23(—k) | [B/J(A)S{W}KS(L[/A]) {S3,01; Rsp01)}(UK)
24(-k) | [B/](A){W}K(L[/A]) {Rs101(UK)}
25(—k) [B/](A)S(L[/A]) {631,011} (UK)
26(—k) [B/I(A)B(L[/A]) {Ba011} (UK)
18 [B/JOMS(L[/A]) %)
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FIGURE 3. The lattice of varieties of [bounded/] Morgan-Stone lattices[/algebras].

Proof. We use Lemma 4.6 tacitly. Then, the intersections of MS|_5 ¢1][UK] with the
26[(+8)/(—9)] sub-varieties of [B/]MS(L[/A]) involved are exactly all lower cones
of the poset (MS[_ 1)[UK], ). Thus, (2.5), (2.6), (4.1), (4.5), Corollaries 3.6, 3.7,
4.5, Lemma 4.7 and Theorem 4.4 as well as the Prime Ideal one and the fact that
varieties are abstract and hereditary complete the argument. O

It is in this sense that SMSL is the implicational/[quasi-]equational join of DML
and SL. The lattice of its sub-quasi-varieties is found in the next Section.

5. QUASI-VARIETIES OF STRONG MORGAN-STONE LATTICES

Given any K C [B]MSL, (N)IK stands for the class of (non-)idempotent members
of K (in which case it is the relative sub-quasi-variety of K, relatively axiomatized
by the X7 -quasi-identity:

(5.1) (mzo &~ x0) — (20 =~ 21),

and so a quasi-variety, whenever K is so).

Lemma 5.1. Any (non-one-element finitely-generated) A € [B]MSL is non-id-
empotent if(f) hom(A, By 1)) # F, in which case |[B]SMSL C [B]DML, and so
[B]SMSL = (NI[B]SMSL U [B]DML) In particular, NIMS[Ol] = {63[701]7%2[,01]}.

Proof. The “if” part is by the fact that B[ 1) has no idempotent element. (Con-
versely, assume hom (2, B[ 91)) = @, in which case, by (4.21), hom(, S301]) = I,
and so, for any h € hom(A, {MSqo1)[, MS2,01]}), (imgh) ¢ (imge3), for, other-
wise, we would have (ho (eg)_l) € hom(2A, G301]) = @. Take any a € A* such that
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2 is generated by imga. Let n £ (doma) € w and b £ (=%=%a; V¥ =%a;),¢,, in
which case there is some i € n such that h(a;) € (imge}), and so h(b;) € {(m,m,1—
m) | m € 2}. Put [by induction on any k € n] cijyx = ((bopr)[VE—%cr]) A% er]),
in which case h(cippy) is in {(z,2,7) | (1,5) € (22\ (0,0))}, for h(bopsg)) is so,
and so, by induction on any I € ((n+ 1)\ (i + 1)) > n, we see that h(c) is in
{{m,m,1 —m) | m € 2}, for h(b;) is so. Then, h(=%c,) = h(c,), in which case,
by (2.5) and Theorem 4.4 [resp., Corollary 4.5], =%¢,, = ¢, and so 2, being non-
one-element, is idempotent.) Finally, (2.5), (4.21) and Corollary 4.8 complete the
argument. U

This, by (2.5), Corollary 4.8, (2.1), (2.4) with I = 2 and the locality of quasi-
varieties, immediately yields:

Corollary 5.2. For any variety V C [B]MSL {such that either [B](S|B)L C V}, NIV
is the pre-/quasi-variety generated by
D{U{AX B o1) | A € (MSy o, \{[(S1B) (32),01) 1)} U (MSv 5, NH{(SIB) (312,011}
in which case NI[B]MSL is the one generated by {IMSg[ 1) X B 017}, while
NI[BJ(S)(DMI|K)(S)L

is the one generated by {(DM|[R) y3)101) X B2p01)(, S3,01))}, whereas

NI[B](TNI: O)MSL = [BJOMSL,
and so any (non-one-element) A € [B]MSL is non-idempotent if(f) hom(2, B[ o1))
4o,

Likewise, Lemma 5.1 and [12, Proof of Lemma 4.9] immediately yield:
Corollary 5.3. R3 is embeddable into any member of SKSL\ NISKSL.
Corollary 5.4. NI[BJMSL U [B]TNIMSL is the sub-quasi-variety of [BJMSL rela-
tively axiomatized by the X7 -quasi-identity:

(5.2) (mxo = o) — (T0 ~ 1)

and is the pre-/quasi-variety generated by {9MSg[ 1) X Bap01), MSap01]}-

Proof. Clearly, (5.2) = (5.1[z1/—x1]) is true in both NI[BJMSL and M&;[ ¢1). Con-
versely, any 2 € I[B]MSL, satisfying (5.2), has an idempotent element a, in which

case, for any b € A, as A |= (5.2)[xg/a, x1/(=%)b], we have =*b = a(= —*=%b), and
so A € [B]TNIMSL. Then, Corollaries 4.8 and 5.2 complete the argument. (]

Likewise, we have:

Corollary 5.5. For any variety V C [B]MSL such that V ¢ [B{W}KSL, the class
NIVU(V N [BI{W}KSL) is the sub-quasi-variety of V relatively aziomatized by the
X7 -quasi-identity:

(5:3) (mwo = 20) — (20 5 ({m—}a1 V —11))

and 1is the pre-/quasi-variety generated by MSnpjwyksLyo1 U {2 X Baopor) | A €
(MSv(,01) \ {63011 Baro1)}) - In particular, NI[BJ(S)DM(S)L U (S)K(S)L is the sub-
quasi-variety of [BJ(S)DM(S)L relatively aziomatized by either of (5.3) and is the
pre-/quasi-variety generated by {DMyp 1] X Bay 1), Rs[,01)( Os,011) )

Proof. Clearly, (5.3) is satisfied in NIV U (V N [B[{W}KSL). Conversely, consider
any 2 € IV satisfying (5.3) and any a,b € A, in which case there is some ¢ € A
such that —=%c = ¢, and so, as 2(5.3)[xo/c, x1/(alb)], we have ¢ <¥ (=*(alb) V¥
{=*-*}(alb)). Then, by (4.2), (4.3) and (4.5) {as well as (4.6)}, we get (a A*
-%a) <* ¢, in which case 2 € (VN [B]{W}KSL), and so Corollaries 4.8 and 5.2
complete the argument. O
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This, by Lemma 5.1 and [12, Case 8 of Proof of Theorem 4.8], immediately
yields:

Corollary 5.6. D9, is embeddable into any member of {S}DM{S}L not satisfying

(5.3).
Members of [B]{([Q|P]S)}|W|K{S}L, satisfying the X7 -quasi-identity:
(5-4) {720 S 2o, (w0 A 1) S (mwo V 1)} — (-1 3 (5)an),

are called (weakly-)regular, their quasi-variety being denoted by

(WIR[BI{([QIP]S)}[W]K{S}L
(= {1 2N HRBH{TQIPTS)}WIK{S} U ([BJOMSL{({[|[B]TNIMSLT)}))
in view of (4.13){([|(4.2)])}).

Given any [bounded] Morgan-Stone lattice | € [BJ{([Q||P]S)}(W)K{S}L], by
(4.1), (4.3) and (4.5) | as well as ((4.2) and) (4.15)], (fJ|3”)(QlW) 2{ac A (-*-Ma(<
| >)¥=-%a} D {b(AIV)*-b | b € A} # @, for A # @, is |an|a ideal|filter
of A%y | such that ~*[(I|F){y)] € (F|I){y, Lin which case Ry 2 (Fhy, x
{1} u (U(Qlw) x {0})) forms a subalgebra of 2 x By ] such that, for every d €
§R(Qlw), (di =1) = (do € i?(mw)), and so, by Corollary 4.8, the (weak) regulariza-
tion Row)(2) £ (2 x Bgon) [ Ry)) of Ais in (WIRBI{(QIPTS) HW)K{SIL].
Then, (mo[R®200) € hom(R(Ssp01)), S3p01)) is bijective, so, by Corollary 4.8,
S0y € RIBISKSL. Likewise, (e3|{{i. (x3"()) +xi" (0).x3 (D)) | i € 4}) €
hom((B|8) (/4,01 Rap,01] [R(Rs[,01))) s injective||bijective, so, by Corollary 4.8,
(BIR) 24,01 € RIBIKL.

Lemma 5.7.
(W)R[BI{([Q[P]S)} [W]K{S}L < (NI[BI{{[QIP]S)} [W]K{S}L(U[B]TNIMSL)).

Proof. Consider any 2 € (W)R[B[{({[Q|P]S)}|W]K{S}L and any a,b € A such that
—%a = a, in which case, as, for any ¢ € {b, =%b}, A = (4.1]|5.4) [z /a, x1/(c[|(a A*
)] (and & |= (4.5)[z0/—%a, x1/=%¢c)), we have =%c < (=%a V¥ =%¢) = =% (a A
c) < (=) (an¥c) = (anB(=*-N)e) <* (=), and s0, as A |= (4.2(14.6))[zo/
b], we get both b < —¥-%p <* (=*-*)=%p = =*b, when ¢ = -%b, and -*b <*
(=*=")b, when ¢ = b. Then, =*b = (=*=%)b, in which case, as A = (4.15(2{4.15}))
w0/ (all(~2)b), 21/ (blla)], we have (~-2)b < a <2 (<2)b, L., a = (~*)b, and so (by
Corollary 5.4) 2 is (either) non-idempotent (or totally negatively-idempotent). O

Corollary 5.8. R4 is embeddable into any 2 € (NIQSMSL\ SL) D (RQSKSL\
SL).

Proof. Then, there are some a,b € A such that ¢ £ (a A% =%a) £d £ (bA%c) <% ¢,
in which case, applying (4.1) and (4.3) [twice], we have [-#—=%d <* =%-¥]c <*
-%c <¥ %4, and so, by (4.2) and (4.11), we get =%=%(c|d) = (c|d). In this way,
as ¢ # d, by (5.1), we have =%¢ # ¢, in which case we get =*d # —%¢, and so
{{0,d), (1,¢), (2,-%c), (3, ~*d)} is an embedding of £, into A. Finally, Lemma 5.7
completes the argument. O

Theorem 5.9. Let V £ [BI{((Q((|IP))S)}(W)K{S}L and K = (&{U(MSy[e; N
(S50 U (HMSa oy D)D) Then, QY £ (W)R[BI{((Q(IP))S)HW)K{SIL
is the pre-/quasi-variety generated by R (w)[MSypoy \ K] UK, so R[B[{S}K{S}L
is the one generated by {Raf01{, ©3[,01)}}-
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Proof. Consider any finitely-generated 2 € (Q\ ([BJOMSL(U[B]TNIMSL))). Take
any @ € A" such that 2 is generated by imga. Let n £ (doma) € (w\ 1) and
b (AF(="-"a,, V¥ <% as)men), in which case, by (4.1), (4.5) and (4.15), we have
=%b <* b. Consider any B € K' £ {MSq[ ][, MS2,01]} and h € hom (A, B). Let
(IlJ) 2 {ien|h(a;) & (?|3)(?N)}, (2]7) = |(I|J)| and k| any bijection from 1|7 onto
I1J. We prove, by contradiction, that there is some g € hom((, B[ 1)) such that
glimg((k|¢) o @)] = {0]1}. For suppose that, for every g € hom(2l, By 01)), there is
either some ¢ € 2 or some j € j such that g(a(w)w)) = (1]0), in which case, as,
by Lemmas 5.1 and 5.7, hom(2, By o11) # &, we have (I U.J) # &, and so we are
allowed to put ¢ = (V¥ ((koa(o="o=%))x(foao—?))). Then, mo2(h((=*~%)c)) =0,
in which case (by (4.6)) mo(h(=%c)) = 1, and so =%c €™ (=#=%)c, for (hom) €
hom(2A[¥;,D2). Now, consider any € € K’ and f € hom(, ), in which case
(€l(img f)) € V # DMy(01], in view of Corollary 4.8, and so (imge§) ¢ (img f),
ie., M8 = ¢§[22\ As] & (img f). Consider the following complementary cases:
o (img f) C (imge3),
in which case, by (4.21), e 2 (fo(e3)~ OX§\2) € hom(2, By 1)), and so, by
the assumption to be disproved, m1,2(f(c)) = e(c) = 1. Then, f(bA*=%¢) =
(0,0,0) <% f(=%b V).
o (img f) £ (imge3),

in which case there is some m € n such that f(a,,) ¢ (imge}) 2 QMSGs
in which case f(b) € I™%¢ and so f(b A% =%c) <€ f(b) = f(=%b) <°
f(=%b V).

Thus, anyway, f(b A% =%c) <® f(=%*bV* ¢), in which case, by (2.5) and Theorem
4.4 [resp., Corollary 4.5], (b A% =%¢) <* (=¥b V™ ¢), and so 2 = (5.4)[xg/b, 1 /c].
This contradiction to the (weak) regularity of 2 definitely shows that, for each
D € MSy[oy C€ ISK' and every h' € hom(, D), there is some g’ € hom(%, B,)
such that (img f') C REy, where f* £ (b x ¢’), in which case, by (24), f' €
hom (2, R (w) (D)), while, by (2.1), (ker f’) C (ker h’), and so the locality of quasi-
varieties, (2.5) and Corollary 4.8 complete the argument. O

Thus, the apparatus of (weak) regularizations of [bounded] (weakly) Kleene-
Stone lattices involved here yields a more transparent and immediate insight /proof
into/to [14, Proposition 4.7].

Lemma 5.10. 83 x By is embeddable into any A € (NISKSL\ RSKSL).

Proof Then by (4.1), (4.3), (4.5) and (4.6), there are some a,b € A such that
(c|d) & =*=%(a|b)(= | #)¥~*(c|d) and (c A® =%d) <* (=¥c V™ d), in which case,
using (4.1), (4.5) and (4.6), by induction on construction of any ¢ € Tm o) we
get =4 =20 (¢,d) = ¢™(c,d), and so the subalgebra B of 2 generated by {c, d} is

a non-idempotent Kleene lattice such that B (= (5.4)[zo/c, z1/d]. Hence, &5 x Bo
being embeddable into 9B, by [12, Case 4 of Proof of Theorem 4.8], is so into 2. O

Lemma 5.11. @My x By is embeddable into any A € (NISMSL \ SKSL).

Proof. Then, there are some a,b € A such that, by (4.2), ¢ £ =#=%(a A* =%a) £*
d & (=*b v¥* =*=¥p), in which case, by (4.1), (4.5) and (4.6), we have both
=2(c|d)(= | )*(c|d) = =*=%(c|d), and so, by induction on construction of any ¢ €
TmQEJ:, we get =%=%p%(c,d) = ¢®(c,d). Thus, the subalgebra B of 2 generated
by {e¢,d} is a non-idempotent De Morgan lattice such that B £ (4.15)[x0/c, x1/d],
in which case, by the proof of [12, Lemma 4.10], D9, x B is embeddable into B,
and so into 2. O
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1(BY)

FIGURE 4. The lattice of pre-/quasi-varieties of strong Morgan-
Stone lattices.

Lemma 5.12. Let A € QSMSL and a € A. Suppose =*—%a # a. Then,
bE (=g ¥ 2-2%) <M e 2 (aVv? =%a) < d 2 (%a V2 2-%q), while both
—%c=b=-%"d and -*b = d, whereas b # c # d, in which case {(0,b),(1,¢),(2,d)}
is an embedding of G3 into A, and so &3 is embeddable into any member of

(QSMSL \ DML).

Proof. In that case, by (4.2), b <® ¢ < d, while, by (4.1), (4.5) and (4.6),
both =%¢c = b = =%d and —=%b = d, whereas ¢ # d, for, otherwise, since 2 =
(4.2|14.11)[z0/a], {b,~*a,a,—=*=%a,d} would be a pentagon of the distributive lat-
tice AL, and so b # ¢, for otherwise, we would have c = b= —-%c=-*b=d. O

Theorem 5.13. Sub-pre/quasi-varieties of SMSL form the fifteen-element non-
chain distributive lattice depicted at Figure 4.

Proof. We use Corollary 4.8 tacitly. Clearly, D90ty x B is not in SKSL, for DMy
is not so, while [ (22 x Ay) is a surjective homomorphism from the former onto
the latter, in which case, by Corollary 5.5, SKSL C (SKSL U NISMSL) € SMSL, for
SMSL > @9, B~ (5.3)[zi/(i,1 — i)]ic2. Likewise, &3 ¢ DML, so, by Corollaries
5.2, 5.5 and Theorem 5.9, (KL UNIDML) € (SKSL UNISMSL), NIDML € NISMSL,
NIKL € NISKSL and RKL € RSKSL, while, by Corollary 5.2, NIKL 3 (R x B9) [~
(5.4)[z0/((0,1),(1,1)),21/({(0,0), (1,1)}], so, by Lemma 5.7, RSKSL C NISKSL, as
well as KL 5 83 [~ (5.1)[z0/(0,1),21/(0,0)], so NISKSL C SKSL. Finally, by The-
orem 5.9, 63 € RSKSL 3 R4 p~ (4.10)[z;/(1 — i)]ic2, so SL C RSKSL. Thus, by
Lemma 5.1, Corollaries 5.2, 5.5, Theorem 5.9 and [12, Theorem 4.8], the fifteen
quasi-varieties involved are pair-wise distinct and do form the lattice depicted at
Figure 4. Now, consider any pre-variety P C SMSL such that P ¢ DML, in which
case, by Lemma 5.12, &3 € P, and so SL C P, as well as the following exhaustive
cases:

(1) P € (SKSL U NISMSL),

in which case, by Corollaries 5.5 and 5.6, D91, € P 5 &3, and so P = SMSL.
(2) P C (SKSLUNISMSL) but neither P C SKSL nor P C NISMSL,

in which case (SKSLINISMSL) 2 (P N (NISMSL|SKSL)), and so, by Lemma|
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Corollary 5.11|5.3 (D94 x B2)|R3) € P > S3. Then, by Corollary 5.5,
P = (SKSL U NISMSL).

(3) P C NISMSL but P ¢ SKSL,
in which case, by Lemma 5.11, (D9, x B2) € P 5 &3, and so, by Corollary
5.2, P = NISMSL.

(4) P C SKSL but P ¢ NISMSL,
in which case, by Corollary 5.3, 3 € P 3 &3, and so P = SKSL.

(5) P C NISKSL but P ¢ RSKSL,
in which case, by Lemma 5.10, (K3 x B2) € P 3 &3, and so, by Corollary
5.2, P = NISKSL.

(6) P C RSKSL but P ¢ SL,
in which case, by Corollary 5.8, 84 € P > &3, and so, by Theorem 5.9,

P = RSKSL.
(7) P CSL,
in which case P = SL.
In this way, [12, Theorem 4.8] completes the argument. O

This, by Corollaries 4.8, 5.2, 5.5 and Theorem 5.9, immediately yields:

Corollary 5.14. Any [pre-/-quasi-Jvariety P C SMSL such that P ¢ DML is gen-
erated by (PN DML) USL.

6. CONCLUSIONS

Perhaps, the most acute problem remained open concerns the lattice of quasi-
varieties of all (at least, quasi-strong) MS lattices. In this connection, perhaps, a
most acute open issue what is a set generating R(PS)KSL # Rw (MS5) € NIPSKSL,
for the non-optional version of (5.4) is not true in Rw(MESs) under [z;/(1 —
i,1,0,1)];e2. (Also, it is not at all clear what is a relative axiomatization of
the quasi-equational join of RQSKL and DML {viz., the quasi-variety generated
by {R(MS4.1),DM4}}.) After all, an interesting (though purely methodological)
point remained open is whether the optional version of Corollary 5.14 can be proved
directly prior proving Corollaries 4.8, 5.2, 5.5 as well as Theorems 5.9 and 5.13, in
which case these would immediately ensue from the main results of [12]. Likewise, it
would be interesting to find equational proofs (like that of (4.14)) of the inclusions
[B/INDM(L[/A]) C [B/JPSMS(L/A]) and [B/|QSWKS(LI/A]) C [B/|QSKS(LI/A).
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