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Abstract

The Riemann Hypothesis is a conjecture that the Riemann zeta function has its zeros only at the
negative even integers and complex numbers with real part % In 2011, Solé and and Planat stated
that the Riemann Hypothesis is true if and only if %ZXH a<an (1 + %1) > e”xlog 8(q,) is satisfied for
all primes g, > 3, where 8(x) is the Chebyshev function, y ~ 0.57721 is the Euler-Mascheroni
constant and log is the natural logarithm. We state the conjecture that 5 X [1y<q, (1 + é) >
e” x log 6(q,) is satisfied for all primes g, > 10%. Under the assumption of this conjecture, we
prove that there is not any odd perfect number at all.

Keywords: Riemann Hypothesis, Prime numbers, Odd perfect numbers, Superabundant
numbers, Sum-of-divisors function
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1. Introduction

The Riemann Hypothesis is a conjecture that the Riemann zeta function has its zeros only at
the negative even integers and complex numbers with real part % As usual o(n) is the sum-of-
divisors function of n:

2.4

d|n

where d | n means the integer d divides n, d { n means the integer d does not divide n and d* || n

means d* | n and d**! { n. Define f(n) and G(n) to be ‘71—1") and log ?Z)g — respectively, such that log

is the natural logarithm. We know these properties from these functions:

Proposition 1.1. [1]. Let []7_, 4" be the representation of n as a product of primes q1 < --- < g
with natural numbers as exponents ay, ..., a,. Then,

o= {{T (1)

i=1 i=1 i
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Proposition 1.2. For every prime power ¢°, we have that f(q*) = qZ:(lqill) [2]. If m,n > 2 are
natural numbers, then f(m x n) < f(m) X f(n) [2]. Moreover, if p is a prime number, and a, b

two positive integers, then [2]:

(P =-Hx@E’'-1
pa+b—1 X (p _ 1)2 .

F@) = fFPY x f(p?) = -

Say Robins(n) holds provided
Gn) < e

where the constant y = 0.57721 is the Euler-Mascheroni constant. The importance of this prop-
erty is:

Proposition 1.3. Robins(n) holds for all natural numbers n > 5040 if and only if the Riemann
Hypothesis is true [3].

In mathematics, ¥ = n X qu (1 + é) is called the Dedekind W function. Say Dedekind(g;,)
holds provided
1 24
[ (1 + -) > = x10g 6(q,)
a<an q) <@
2 2

) 49 _

where g, is the nth prime number, £(x) is the Riemann zeta function and £(2) =[], il

The importance of this inequality is:

Proposition 1.4. Dedekind(g,) holds for all prime numbers g, > 3 if and only if the Riemann
Hypothesis is true [4].

Let g, = 2,9, = 3,...,q denote the first k consecutive primes, then an integer of the form
I—[f:l gf withay > ay > --- > @ > 0 is called an Hardy-Ramanujan integer [5]. A natural
number n is called superabundant precisely when, for all natural numbers m < n

fm) < f(n).

Proposition 1.5. If n is superabundant, then n is an Hardy-Ramanujan integer [6]. Let n be a
superabundant number, then p || n where p is the largest prime factor of n [6]. For large enough
superabundant number n, we have that ¢ < 2% for q > 11 where g% || n and 2* || n [6].

For large enough superabundant number n, we obtain that logn < (1 + %) X p where p is the
largest prime factor of n [7]. Let n be a superabundant number, then f(n) > (1 —&(p)) X [14n q%l
where (p) = 1 — loép X (1 + l;;p) and p is the largest prime factor of n [7].

In mathematics, the Chebyshev function 6(x) is given by

0(x) = Z log p
psx
with the sum extending over all prime numbers p that are less than or equal to x [7].

Proposition 1.6. [7]. For x > 89909:

O(x) > (1 - M) X X.
210g(x)



In addition, we will use this property:

Proposition 1.7. [4]. Forn > 2:
2
q

< ein.
q> -1

9>qn

In number theory, a perfect number is a positive integer n such that f(n) = 2. Euclid proved
that every even perfect number is of the form 257! x (2* — 1) whenever 2° — 1 is prime. It is
unknown whether any odd perfect numbers exist, though various results have been obtained:

Proposition 1.8. Any odd perfect number N must satisfy the following conditions: N > 101°%
and the largest prime factor of N is greater than 108 [8], [9].

Say Franks(g,) holds provided

bis 1

— X 1+ —|> ¢ xlogb(g,).
[1(3)

Conjecture 1.9. Franks(gq,) holds for all prime numbers q, > 10%.

Under the assumption of this conjecture, we prove that there is not any odd perfect number
at all.

2. Results

Theorem 2.1. Under the assumption of the Conjecture 1.9, we prove that there is not any odd
perfect number at all.

Proof. Suppose that N is the smallest odd perfect number, then we will show its existence implies
that the Conjecture 1.9 is false. There is always a large enough superabundant number 7 such
that n is a multiple of N. We would have

n
f) Sf(N)Xf(ﬁ)
according to the Proposition 1.2. That is the same as
Fm) <2% f()
n il
- N
since f(N) = 2, because N is a perfect number. Hence,

fa) _ (2 - 55) X f(5)

2 2
n

=f(ﬁ)>< 3

n._ 20t
= f(ﬁ) X ool

2-35)
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when 2 || n due to the Proposition 1.2. In this way, we have

f(z'Zz) 2021
O 2a2+1 1

However, we know that p < 2?2 because of p > 10® > 11 and the Propositions 1.5 and 1.8, where
p is the largest prime factor of n. Consequently,

2a2+1 - pr
20+1 _ 1 = 2xp—1

since X X 7 decreases when x > 2 increases. In addition, we know that
Ty </

p+l

where we know that f(p) = from the Proposition 1.2. Certainly,

2><p <(p+Dx2xp-1)
=2xp*+2xp-p-1
=2xp*+p-1
where this inequality is satisfied for every prime number p. So,
1(35)
F&)

where we know that p || n from the Proposition 1.5. Under the assumption of the Conjecture 1.9,
we have that

< f(p)

e’ > G(n)
£ % f(p)
" loglogn
JE) X f(55)
m
since f(...) is multiplicative and as a consequence of the Propositions 1.3 and 1.4. This is
equivalent to

% e
& S 7

Under the assumption of the Conjecture 1.9:

X loglogn.

2
% x ]_[ (1 + 611) > ¢ x 1og((0(g))").

q=qn
k
X 1—[ ( a,+1 ]
=2

From the Propositions 1.1 and 1.5, we know that

f%) = [ﬂ

-1
4



where g; = p and ¢; = 2. We know that

g _ qit] y q;
-1 a g -1

Using the previous inequality and the Conjecture 1.9, we obtain that

ax]_[[ ]xlog((e<qn)>°8>< x]_[(1+ ) ﬁ[ 1)

qsp i=2

q
= f5) %5 ﬂq2_1

q>p

n 3 2
Sf(ﬁ))(zxel’

according to the Proposition 1.7. Taking into account that p > 10% > 3 and n is superabundant:

Ixer e k 1
1-—1.
10g((9(qn))° DT 5i7) g ( gt ]

l

We use the previous inequality to show that

f ixé
) H .f+1 < Tom@g™ gl

For large enough superabundant number 7 and p > 108, then

3 X 6% 3 X e% 0.5
—2 - xloglogn < 2 ((1+ ——)x 08)
log((6(g.))°®) log (((1 — 068 ) 108)0.8) log 10

because of the Propositions 1.6 and 1.5. We obtain that

2
_Xe 08

log (((1 - [2265) x 10%)08

log 108

& L 1

x [ 1= = | < 187811
f(ﬁ) i q;'

For every prime p; that divides N such that p:.”' || N and p?"”” || n for a;, b; two natural numbers,
we have that

1()8

)xlog((1+ )><108)<187811

Thus,

a,+b a; (p?' - 1) X (pf‘ B 1)
- f(p§ )Xf(P )= p?,+b,-—l X (p; — 1)

fp
in the Proposition 1.2. This is equal to

FpI P - Dx (-1
b; = f(P, ) - aitbi—1 .
fp}) f(p5 )X P (pi = 1)?




SO () (o
G Xﬂ[l_q?’”)_n( J109) ]XH(I_F]

i =2 i

. P -1x@Er -1 )
= f(P;')_ ] : ai+bi— l X
KH FEPY X Pt X (pi = 12

k
= l_[(f(pf’))x [1 B a}H)
i i=2 q;

1

£ 1
1 - a;+1
i=2 q;

1 1.5 1
>2x (1 - — x(1+—2)—log(1 - ——)
ogp log p 2ax+1

1 1.5 1
l-—x({0+—)—-log(l - —)
log p log p 2xp

1 15 1
>2x(1- ——— x(1+ —> )~ log(l - ——
( fog 108 < 1 F fog 108) ~ 1o&( 2><108))
> 1.88
> 1.87811

using the Proposition 1.5 since we know that the expression

(P = Dx(p = 1)
FIY > p{ ™ < (pi = 1)?

n
P

&)

tends to 0 as b; tends to infinity for every odd prime p. Certainly, the fraction gets closer to

2 as long as we take n bigger and bigger. However,

i

G 2 1
1.87811 < 7y ]:[[1 - ﬁ] < 1.87811

is a contradiction. By contraposition, the number N does not exist under the assumption of the
Conjecture 1.9. The smallest counterexample N must comply that N > 10°% and therefore, we
will always be capable of obtaining a large enough superabundant number #n that is multiple of
N. Note that, this proof fails for even perfect numbers. O
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