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Abstract— This paper is concerned with the stabilization of
uncertain discrete-time descriptor models subject to input
saturation and external disturbances. The design control
strategy is based on Takagi-Sugeno (T-S) approach and a non
parallel distributed compensation (non-PDC) control law. To
synthesis the fuzzy controller, the stability conditions are
derived using non-quadratic Lyapunov functions with respect
to the given saturation constraint on the control input. The
optimization problem is formulated in terms of linear matrix
inequalities (LMIs). Numerical examples illustrate the
efficiency of the proposed approaches.

1. INTRODUCTION

Recently, Takagi-Sugeno (T-S) models have been widely
investigated to study nonlinear models [1]. Among nonlinear
control theory, the T-S model-based approach has attracted
great interest since it constitutes universal approximation of
any smooth nonlinear function by a “blending” of some local
linear system models. This method greatly facilitates
observer/controller synthesis for complex nonlinear systems
[2]. Based on this modeling technique, stability conditions
have been obtained directly from Lyapunov methodology [3,
4]. For control design, the so-called parallel distributed
compensation (PDC) has been the most commonly used
scheme and remain to associate inferred state of output
feedback to each local subsystem. Stabilization of T-S
systems and the control design are investigated via the direct
Lyapunov method. However, when fuzzy Lyapunov
functions and parallel distributed compensation function
(PDC) control are considered, the stabilization conditions are
generally in terms of bilinear matrix inequalities especially
for discrete-time T-S fuzzy [13]. To overcome such problem,
a non-PDC control law can be applied based on non-
quadratic Lyapunov function. Hence, more relaxed
stabilization condition can be derived [3, 4-5]. The derived
conditions are formulated into a set of linear matrix
inequalities (LMI). These LMIs can be solved, when a
solution exists, by classical convex optimization algorithms.
In practice, many systems are physically described by
nonlinear descriptor models. The T-S descriptor model
representation has also the advantage to decrease the number
of LMI constraints since it conserves nonlinearities in the
left-hand side will keeping the original structure of the
nonlinear model [7, 11-15].
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Usually real physical applications suffer from actuator
saturation and/or sensor saturation. Thus, a great attention has
been given to the control design of T-S models with input
saturation constraints [8-9]. Among the most popular works
dealing with saturated input constraints, the convexity based
approach to the saturation function (see [9-10] and the
references therein). The interest of this approach is to
consider a bounded ellipsoidal symmetric region of stability
solved by a set of LMIs. Moreover, descriptor design
approaches has been recently studied in [11] to deal with the
problem of input saturated T-S systems using a polytopic
representation of the saturation function. These design
control approaches are based on state feedback or dynamic
output feedback with anti-windup (AW) mechanisms.

In the present paper, stability analysis for uncertain
discrete-time T-S descriptor models subject to input
saturation and unknown disturbances is proposed. New LMI
conditions are derived based on two Lyapunov functions with
the Finsler’s lemma which allows decoupling the control law
from the Lyapunov function. The £,-gain performance is
used to attenuate the extragenous disturbances and the
derived conditions of asymptotic stability in the presence of
input saturation are established and solved by means of LMI
convex optimization.

This paper is organized as follows: Section II provides
some useful notation and properties, it also introduces the
uncertain discrete-time T-S descriptor model; Section III
presents the LMI-based controller design for discrete-time T-
S descriptor models subject to: uncertainties, input saturation
and disturbances; Finally in section IV designed examples
are given to demonstrate the effectiveness of the proposed
approaches.

II. NOTATION AND PROBLEM STATEMENT

Given a set of nonlinear functions h;(.) = 0,i € {1....7}
having the convex sum property, Y.i—; h;(.) = 1; a shorthand
notation will be used in the sequel to represent convex sum of
matrix expressions: Y, =X_1hi(z(k))Y;, and Y, =

o1V (z(k))Y, for single convex sum; Y, =

T—1hy(z(k+1))Y, for a delayed convex sum; Y,_ =
I hiz(K)Y;)™! for the inverse of a convex sum; and,
Yop = Xic1 Xj=a hi(z(k))hj (z(k))Y;; for a doubled rested
convex sum. H (A) denotes the Hermitian of the matrixA, i.e.
H(A) = A+ AT.For a vectorx, x;, denotes its k_th entry,
and x;, denotes x(k + 1). N, Denotes the set {1,2,:-+,7}, |
denotes the identity matrix.(*) stands for the terms deduced
by symmetry in symmetric block matrices.

The uncertain discrete-time T-S fuzzy model in the
descriptor form subject to input saturation and external
disturbances is given by following state equations:
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{E‘ka+ = (Ah + AAh)xk + (Bh + ABh)Sat(u(k)) + wak
Y = Cx €Y)

where x € R" is the state vector, u € R™ is the control
input vector, k is the current sample. Matrices A; and
B;,i € N, represent the i-th linear right-hande side model
and E, k€ {1..... 7.}, represents the k-th linear left-hand
side model of T-S descriptor models. In the proposed work
we suppose that E, is regular matrix because it contains the
inertia matrix which is motivated by mechanical systems
[12]. The membership functions h;(z(k) ) satisfy the convex
sum property and depend on the known premise variables.
AA;(t) € R™™ and AB;(t) € R™™ contains the bounded
uncertain terms which can be rewritten as:

AA;(t) = HgiDgi(t)Ng; and AB;(t) = Hy; Dy (£)Ny; with
Hg;, Hpi, Ny, and N,; are known constant matrices and,
Dai(t) and Dy;(t) are unknown matrices functions
bounded as: DT; (£)Dg(t) < I, for all index € = a, b.

The dead-zone nonlinearity ¢(.): R™ —» R™ is defined by:
PY(uy) = w — sat(wy) )
However the saturation function sat: R —» R™ is written

as:
{sat(uk) = [saty(Uyg) - .. sate(Ue) oo ... SaLy (un,, ) 3)
saty(ug,) = signuey) min(lugl, uf**)

with u*** > 0, designate the saturation level.

Remark 1: In control applications, actuator saturation or
control input saturation both in magnitude and rate usually
degrades the performance of the closed-loop system, and
leads to large overshoot, if the controller is designed without
considering these kinds of nonlinearity. Recently, in the
closed loop control system, the nonlinear system, behavior of
the input saturation has been investigated as a convex
combination of 2™ linear models in [10, 11].

In this work, in order to derive relaxed LMI conditions, the
following lemmas will be introduced to reduce significantly

the computational complexity.

Relaxation Lemma [14]: Let Ti’} be matrices of appropriate
dimensions, then for i,j € {1...r}, k€ {1....n.}:

Zr: Z Z hi(2(k)) by (2 (k) Jv (2(K))

i=1 j=1k=1

TH <0

rf—lTi’§+Ti’;+Tj’§<0,i¢j 4)
Finsler’s Lemma [7]. Let x € R", 0 = o7 € R™" and
R € R™™ such that rank(R) < n, the following

expressions are equivalent:
a)xTox <0 Vx:{x €R";x =+ 0,Rx =0}.
b)3 6 € R"™™: o+ OR + RTOT < 0.

Property 1. Let X=XT >0 , and Y matrices of the
appropriate size the following expressions holds:

Y-X)TX YWY -X)>0YTXlY >V +YT-X

Lemma 1 [16]: Given matrices Fj, € R™" , Hj €
R and W, € R™" | for i,j,k €EN,,l €N, , let us
define the following set:

Py = {x € R™|(Gpexjie = Wik i %l < maxy} )
Ifx € B, , then ¢(uk)TSj7<1[¢(uk) - (VijXj_kl)xk] <0

holds of any positive diagonal matrices Sy, € R™*™ , and for
any scalar function y;;,i,j € N, satisfying the convex sum

property.

Assumption 1. The validity domain 2, of the system (1) is
defined by:

2, ={xeR:Qhx<1, meN,} (6)
where the vectors Q,, € R™ are corresponding to the state
constraints of system (1).

III. MAIN RESULTS

In this section, the objective is to design a non-PDC
control law guarantying the desired control performance and
the stability of the closed loop system, despite the presence
of input control saturation and external disturbances.
Accordingly, the proposed non-PDC controller law is given
as follows:

Wy = GroX(y' Xk (7)
In the following we consider that: A, + AA, = A, B, +
AB, = B,E, = E. The combination of the uncertain T-S
descriptor model (1) with the control law (7) and the
definition (2) yields:

{Exk+ =Ax, +B (G,w)((__)lxk - l/)(uk)) + B, wy ®)

Vi = Cxy

Expression (8) can be rewritten as an equality constraint as:
Xk

X
w(uo| = ° ©)

Wy

[A+BGwx —E —-B B,

To derive the stability conditions, two different Lyapunov
functions will be considered [7]:

o V(xp) = xIP;lx, with P, = PT > 0,P;1 = X,
o V() = X X "Pu Xiy X With P, = Py >0
A. Case 1

The variation of the Lyapunov function in case 1 is calculated

as:
V() = xgeXneXier — x5 XpXy <0 (10)

By taking into consideration Lemma 1, the inequality (10)
becames:

x£+Xh+xk+ - XEthk - 2-1/J(uk)T5r?vll/J(uk)
)" Sty Who Xio X+ Vi Vi — YW@y < 0 (11)

where the £, —norm of the output signal y, is bounded as
follows:



Iyellz < V||wk||2, Vk = 0. (12)

Consequently, the inequality (11) can be written as:

x, 17 —(Xn — CTC) 0 0 0 Xk
Xk + 0 Xh+ 0 0 Xk+
<0(13
Y| | Spiw, Gt 0 =257k o ||¥wd (3)
Wy 0 0 0 —yIlL Wk

Via the Finsler’s Lemma, equality (9) and inequality (13)
results in:

—(X,—CTC) 0 0 0
0 Xns 0 0,
Wiy —B'NT -2.5], 0
0 B£ 0 —)/I (14)
M
Ig[A+]BGhv)((__)1 —E —B B,]+(x) <0
0

where matrices M € R™" and N € R™"are free matrices
fixed later on. Now let x(y = Xny, two results can be
obtained depending on different congruence transformation
of (14). The first one is stated in the following Lemma:

Lemma 2. The closed-loop uncertain T-S descriptor model
(8) is asymptotically stable if there exist matrices P; = PjT >
0, Xjk» Gjx, Wi, a matrix Q,, € R",m € N, and positive
diagonal matrices Sj, € R™™, for i,j,l € {1.... rhk €

{1.... 7.} , the scalarsy, d,0d, such that conditions 4 are
satisfied with
LR
ijl
Tk, = P (15a)
where
[ —H(xp)+P () *) = @]
Cxjk 1 O] OO
AiXjr + BiGjy
piar _ || +01HaiHai 0 —HMEPED+P (x) (¥
ut +0,Hyp:H;
—sT B.
w; 0 sl ) —28%
T <_63HbiHl7;i e ()
0 0 BT 1
(15b)
Nai)(jk 0 0 0 0
I,Uizjl = Nbiij 0 0 0 0 (15¢)
0 0 NuSp 0 0
Y22 = diag(d,] 09,1 —0d,I) (15d)
and
BN omen jEN (16)
OmbP; 1177 @ "
T
~Xjk ~ Xjk T B () ] .
<0,teN,,jk€eN, 17)
[ Gikwy = Wikey  —@"™)? m r

Proof. From inequality (16) it can be deduced that x € (2,.
Furthermore, if condition (16) is satisfied, then it follows
clearly that matrices yjy,j, k € N, are regular since P; > 0.
Besides, using Schur complement lemma [15] and matrix
property 1, it can be deduced from (17) that

Gikey = Wike)" (Gjree = Wikeey) >0

T
Gkaijk - (uznG_X)z (18)
Pre and post-multiplying (2) with 7 yields:
Gy Xk = Wiwxi)" G Xk = Wik X)) -
i @™y =009

Then, it is easily observed that condition (19) implies the
inclusion 2, € P,. Now, by using the congruence lemma

property with the full rank matrix
diag (x;, P+ Sh, 1),(14)yields:
Xt Xn = C" O Xty 0 0 0
0 PpXn+Pry 0 0
Why - SZU]BT _ZS};U 0
0 BY 0 —yI
XM
+| PV Ay + BGry ~Exny ~BSiy Bu] +(+) < 0/(20)
0

The main objective is to design a relaxed LMI optimization
problem. For that a best choice is to consider M = 0 and
N = Xj, then (20) yields if:

Yry + APpy, <0 (21a)
with
Xy Xn=CTC) Xno (%) (O C))
_| AnXnw * BrGry —HPpED) + Py (¥) )
lphv - T pT T
Whv _ShvBh _Zshv (*)
0 Bl 0 -yl
0 0 0 0
AA + ABG 0 00
and Ay, = rX by hv . .
0 -SwdB, 0 0
0 0 00

Recall that for any matrices G, K and D(t) of appropriate
dimension satisfying D7 (t)D(t) < I and any positive scalar
d, the following holds

GDOKT + KDT()GT < 9GGT + 91K KT

Now, using uncertainties definitions, and by means of the
previous inequality (21b), it can be stated that:

(21b)

0 0 0 0
A% 0 0 0
Ay, < 0 <_a3_15ffv NbThthShv> 0 0 (21c)
—03Hyn Hpp
0 0 0 0

with

21 = 01 XhoNanNanXnw + 03 Giy Ny Non Gy
+01HanHap + 02 Hpn Hp,



Finally, applying propertyl, the relaxation lemma and Schur
complement lemma to (21a) by considering (21c), conditions
(15) holds. This ends the proof.

Remark 2. A more general result can be reached by
multiplying by diag (x,, Ghus+ Shy 1), on the left hand
side and by its transpose, on the right hand side of (14),
gives:

XX = CTC) Xnw 0 0 0
0 Ghnn+Xn+Gran+ 0 0
Wiy -ST.BT =25F, 0
0 BE 0 —yl
XM

thg+N [AXno + BGhy —EGpns —BnSny Bu] + (x) <0 (22)

0
Note that a new matrix G}, is introduced, thus adding extra
degree of freedom to the inequality. Therefore, the following
theorem can be stated:

Theorem 1. Given the uncertain T-S descriptor system (1)
whose validity domain is characterized by a matrix @,, €
R",m € N,. If there exist positive definite matrices P; €
RM*M™ positive diagonal matrices Six € RMXM - and
matrices y . € R™", Gj, € R™", Wy, € R™",i,j,k €N,
and the scalars y, d4, d,, such that conditions 4 are satisfied
with:

ol () ]
TS =" (23)
j [lpizjl _y22
with
oiit =
[ —H(xp)+ P () ) ® = ®]
Cxjk 1 ) ® ® ™
AiXji + BiGji
( +01 Hai H ) 0 —H(G"ET) ) ()  ®
+0,Hp; Hy;
0 0 Gijy - (x) ()
‘ —Sh Bi ) T
Wi 0 (_aSHbngi ° P )
0 0 BT o 0 —yll
(24)

w7t and W*2 are given by (15¢) and (15d) respectively.
and

CNs o N €N
1 = ’me q,]E T (25)

[ By
OmP;
T
~Xjk ~ Xjk T B Q) .
<0,t eN,,j,k €N, (26)
[ Girey = Wiy —("™)? " r
Proof. The result of Theorem 1 is derived from the proof of
Lemma 2 by choosing M =0 and N = G;;7;,,. Thus, this
proof is omitted here for brevity.

B. Case 2

Consider y(y = xp in (7). Then the variation of the
Lyapunov function in case 2 is calculated as:

AV(Xie) = Xics Xnt Prs X+ Xiee=Xic X Podn % < 0 27)
By considering lemmal, the inequality (27) becames:

AV (x) = 29 (i) " Spp ¥ + Y ()" Sy Wiy X5 " Xie+Yi —

yolw, <0 (28)
By developing inequality (28), with respect to
the Finsler’s Lemma, and expressions (9) one can obtain:
(X (P — CTOxi* 0 0 0
0 XnsProxny 00
So Who X" —SwB" =285, 0
| 0 BT 0 -yl
[M
NA+BGwx —-E -B B+ <0 (29
0 wX() w| + () < (29)
1 0
Now, wusing the property of congruence with
diag (—xi xk, Sk, D), (29)yields:
—(P, - CTC) 0 0 0
0 Py 0 0, 20
SiWay Hi' —SLBT ~2831 0 G0
0 BT 0 -yl
HIM

T
HhO+N [Axn+ BFny —Exns —BSp Bol+ (x) <0

0
Accordingly, with respect to the same development of
lemma 2 LMI conditions, the following theorem is obtained
and provides conditions which allow the synthesis of the
stabilization non-PDC controller satisfying the system
performance described in the previous section.

Theorem 2. Given the uncertain T-S descriptor system (1)
whose validity domain is characterized by a matrix @,, €
R",m € N,. If there exist positive definite matrices P; €
R™M positive  diagonal matrices  Sj € R™™,  and
matrices y; € R™", G;, € R™", Wj, € R™",i,j,k €N,,
and positive scalary,d;,d,,such that conditions 4 are
satisfied with:

. [qb;;-%l ® ]

ijl = | w21 22
v Y

(3D

with



k11
"Uul

—F; () () ) ]

Cx; 1 () ) ™
Asx; + BiGy

_ < +0;HoiHg; ) 0 -HQET)+P ()
|\ +0;HyHy;

_51‘71; B; T
w0 (o) RO
0 0 BT 0 -yl

w7t and W*2 are given by (15¢) and (15d) respectively.

and
-P (%) .
Qij 1 SO,mENq,jENr (32)
T
—Xj© — Xjk T B () .
<0,tEeN,,j k€N, (33)
[ Gy = Winewy — —uf*™)? " "

Proof. The result of Theorem 2 is derived from the proof of
Lemma 2 by choosing M =0 and N = y;I = P,,. Thus,
this proof is omitted here for brevity.

IV. ILLUSTRATIVE EXAMPLES
In this section, the proposed solutions are illustrated via the

following two numerical examples.

Example 1. Consider the uncertain T-S descriptor model
(1), with: r =1, =2 and a=-1.7; b =—-0.4;c = 0.2172.

0 0.5 0
A = b B, =|a
1 [—1.5 —3+(—)*(1—c)]’ 1 [;— ]
1
4y = [ ] B, = |a
2 1.5 —3+b*(1 c) 2 [;— ]

— _ 0.05
B=[1 g5l B=[1 o5l - B=["g7] and
C=10 1]

0 0.5
101y —
Hal _Haz - [1 1 ’Nal - [0 (E)*(1+C)]
0.5 i
2 = [0 b« (1' N c)]’ Ay = Agy = 0.3 % cos(2  t).
Hb1—Hb2—[0 1] N Ab1=Ab2=02*Sin(3*t)
Nps =Np, == * a . The membership functions are defined
as follows:
cos(x5;)?% + 2
Vik =74 V= 1= v,
sin(xyy)?
hie = vhog =1 — hyy

The MFs satisfy the convex-sum property on the compact set
A={xp: x| < 2,|%5,] £2}, and u™** =0.05. The
uncertain T-S descriptor system (1) is subject to amplitude-
bounded disturbance w(t) defined by  w(t) =0.1+%
sin(10 = t). For this model, only the conditions of
Theorem1 are feasible, i.e., conditions in Theorem 2 are

unfeasible. Solving the optimization LMI problem defined
by Theorem 1 leads to:

P =[0.64 —0.26] p, —[069 036
17 1-026 231.29 6'8; 036 4.76 a1 306
M =Ha =57, 3:87]’ Ha=Haa=|_413 313}
F, =F,=[-170 —345], F; =F, =[024 —0.79].

y=142 and 0J, =0, =1. Simulation results were
obtained with initial conditions x(0) = [0.5 — 0.25]7 are
shown in Figure 1 and 2. The obtained results illustrate the
effectiveness of the proposed approach for the studied
example.

0.5 T T T

T T

X4

04r | - Disturbance w [

0.3 bl

0.2 -

0.1

0

-0.1F LI !- --.‘- - -
0.2+ -

0.3 r r r r r r r r :
0 2 4 6 8 10 12 14 16 18 20

K samples
Figure 1. Closed loop responses in the presence of
input saturation and disturbances.
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------- control u
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1
0 ; Ml e ——— PN
g =1 -

-0.02 - N
-0.04 ,
0.06 - N
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Figure 2. Control input.

Example 2. Consider an uncertain discrete-time T-S
descriptor model as in (1) with r=r, =2, a = -1.7,
b=-04,c=0.2172 and

1 2 11
Ay = [—1.5 —3+bx(1+ c)]'Az - [—1.5 -3 +b]

o e e P i P e

B 1 05
By = [ o) co 851] Har = Hap = [ ]
Ny =Ny = 1 17sh Agi = Ay, =0.8%cos(3+t)

Hbl = Hb2 = [0 1], Abl = Abz = 025 * Sln(z * t)



Npyi =Npy = 2xa. The MFs are defined the same as in
2

Example 1 and satisfy the convex-sum property on the
compact set A= {xp:[x1x| < 1,|x5,] <1}, and u™¥ =
0.05. For this system LMI conditions in Theorem 1 are
unfeasible, while applying LMI Theorem 2 gives the
following gain matrices:

_[673 —044] 2[0.89 1.60
1 —0.44 029012 1.60 0.62

g —[098 053 _[091 079
1 —0.47 0.77 172 -0.32 0.77)

F,=F,=[-0.74 -0.55],

F; = F, =[-0.20 —0.44]. Simulation results with initial
conditions x(0) = [0.7 — 0.25]7 are depicted in Figure 3
and 4.

i T ]
1 _.__L !._.- E .
i H [ H
—— el H 1
—— L L
r r r r r r
8 10 12 14 16 18 20
K samples

Figure 3. Uncertain system responses in the presence of
input saturation and disturbances

0.01 T T T T T T T T T

or [ L -
-0.01} i

| control u
-0.02~ minimal saturation level u . ||
-0.03 saturated control Ugat i
-0.04 - i
-0.05
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,009 r r r r r r r r r
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Figure 4. Control inputs.

The result demonstrated that, despite the saturation
limits the designed controller guarantees the closed loop
system convergence to the zero with a good perturbation
reject.

V. CONCLUSION

In this paper, a non quadratic Lyapunov functions is used
to obtain sufficient conditions of asymptotic stability for

nonlinear uncertain discrete-time systems represented by T-
S descriptor models subject input saturation and external
disturbances. The main advantage of the proposed
approaches is to synthesize the control law by considering
the saturation limits while achieving a guaranteed L£,-gain
performance. A non PDC control law is used to achieve this
objective. The controller gains are then obtained by solving
an optimization problem under LMI constraints. Through
two numerical examples the efficiency of the proposed
techniques has been demonstrated.
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