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Abstract

A well-known, early formal treatment of trust as a modality can be found in the work of Liau [9]. Recently in
[4] simplified versions of Liau’s logic were studied. In this paper we examine two extensions of the modal logics of
trust from [4], formed by adding further axioms. The idea is to interconnect the trust modality with the individual
belief modalities of agents. In the first of our logics we capture the idea that if an agent ¢ trusts an agent j with
respect to a statement p then ¢ believes that j does not disbelieve p; while in the second logic if ¢ trusts j concerning
p, then 7 believes that j believes p. In this way we can explicate a type of trust that is linked to honesty or sincerity.
These quite intuitive extensions of the logic of trust help to solve some unintuitive consequences that arise when
the semantics of trust and belief are independent. As a technical result we prove the soundness and completeness
of these logics.

1 Introduction

The notion of trust is widely recognized to be a key concept of social intelligence and an important foun-
dational concept for socio-cognitive technical systems. It has been investigated in various disciplines
including logic, philosophy, economics, sociology, cognitive science and computer science. A recent
and significant work on the logic of trust (and reputation) [8] also provides a useful characterisation of
various trust concepts as well as an extensive bibliography.

There are several kinds of trust in common usage. Dictionary definitions of trust refer to a belief in
or reliance on a certain property of an individual or thing, for example the “firm belief in the reliability
or truth or strength of a person or thing” (Oxford Pocket Dictionary), or the “assured reliance on the
character, ability, strength, or truth of someone or something” (Merriam-Webster online). The Cam-
bridge dictionary online does not mention truth but does pick out the important property of honesty: ’to
believe that someone is good and honest and will not harm you, or that something is safe and reliable”.
These different traits of trust are partly independent. Trusting someone (about a judgement) with respect
to their honesty is not the same as trusting them for their reliability or credibility. Suppose I want to buy
a used electrical appliance at a flea market where there are no facilities to check it over. I may trust the
trader that he is not cheating me when he says that he believes the appliance is working, yet I may on
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inspection find some evidence of damage that suggests to me a possible malfunction that leads me to
reject the item. There are also recent approaches to the study of trust from a dynamic epistemic logic
perspective [1], [14]. In this paper we examine a logical model of trust in the tradition of those accounts
that [8] regards as representing an informational view of trust. In this tradition, trust is viewed as a
propositional attitude that is usually linked to beliefs of a weaker or stronger kind, for example that if
one agent trusts another agent (with respect to a judgement p), then this may entail that the former agent
supposes that the other agent believes p, or perhaps even that p is actually true.

We will focus on the interrelation of trust and belief for a finite sets of agents. Our point of departure
is the logical model of trust proposed by Churn-Jung Liau in [9]. Although Liau’s work belongs to the
tradition of informational models of trust, in this respect we will simplify Liau’s approach in that we
retain only two types of modalities: O; as a belief operator of agent 4 and T} ;¢ which stands for the
trust of agent ¢ in agent j with respect to a proposition ¢. We do not make use of the additional operator
I of information passing. In this paper, the idea that when a trust relation is formed it may be based on
the passing of information ( from one agent to another will be left implicit throughout. So the logic L1
we introduce is especially designed to talk about belief and trust and their interrelation.

Another difference with respect to [9] is that instead of adopting KID45 as a doxastic logic of belief,
we use the logic KS first introduced in the 1970s by Krister Segerberg as a modal logic of some other
time [16]. KS was later rediscovered as a modal logic of inequality [6], [13], and recently it was adopted
as a doxastic logic concurrent to the classical system KD45 [2]. In this paper we restrict attention to
those agents whose doxastic properties are formalized in the modal logic KS. From a technical point
of view we could also use a stronger doxastic base logic. For instance, similar formal results would
hold if we would add axiom D to our base logic. Or we could even work in KD45. Our preference
for KS depends on various properties of it that we have explored in previous work. In particular,
there are various reasoning contexts, important in Al, where the KID45 seems too strong as a basis
for beliefs. For example, in the context of nonmonotonic reasoning, the standard extension of KD45
would be autoepistemic logic, which we may fairly judge to be a logic of knowledge. In multi-agent
settings, however, it is important to be able to distinguish between knowledge and belief, eg. negative
introspection, corresponding to axiom 5, is questionable in several doxastic contexts and definitely false
in some, such as common belief. We have discussed some of the good features of KS (and its variants)
as a basis for doxastic logic in some previous papers. Eg. in [10] we apply the logic KSD to the study
of minimal belief; in [1 1] we apply the extension K4 to the study of common belief.

In Liau’s base logic BIT, if an agent 7 trusts an agent j with respect to a proposition ¢ and moreover
believes that the information that ¢ has been received from j, then ¢ believes (. This is an axiom of
the system. On the other hand, Liau’s base logic does not entail that ¢ believes that j believes ¢, even
if ¢ trusts j about ¢ and believes that j has informed him of ¢. This last condition is considered in [9]
but as part of an extended trust concept called cautious trust. This concept also includes the reliability
feature of trust that the trusted agent is not only truthful but also truthlike. Expressed in our notation,
the extended concept satisfies: T; jo — 0;(0;¢ — ¢). By standard modal logic, it follows that once %
trusts j, he is thought to be reliable if he is thought to be honest.'

Rather than conflate honesty and reliability, our aim is build a logic of trust that, while following the
semantical treatment of the trust operator given in [9], allows us to consider different forms of honesty
separately and to incorporate these already into the base logic. In particular, we want to consider a
system that contains

= Ti,jp — DiDjp (l)

as an axiom. In Robert Demolombe’s formal treatment of trust [3], this corresponds to what he calls

'In fact in BIT cautious trust (together with information exchange) already entails directly that the trusting agent believes
®.
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sincerity.” Quite rightly, this is distinguished from what he terms credibility, which entails that
=T ;p — 0:i(dp — p)

ie., precisely the condition just mentioned as part of Liau’s cautious trust concept. We shall also consider
an intuitively weaker concept of honesty or sincerity expressed by the condition

~ Ti,jp — Dinp. (2)

Here < is simply the dual operator to O, i.e., O;p = —0;—p. So this represents an alternative form of
sincerity that amounts to the agent ¢ believing that he is not being cheated or deceived by j in the sense
that j actually believes the contrary of p. (1) and (2) are the basic forms of honesty or sincerity that we
think deserve to be studied alongside the trust relation. We could imagine a still weaker condition like
—0;0;-p, i.e., ¢ does not believe he is being deceived. But while this should certainly belong to the
idea of trust as belief in sincerity, it seems too weak to work on its own as a basis for trust. So our basic
system will include either (1) or (2) as axioms.’

The remainder of the paper is organised as follows. In Section 2 we recall the logic K, providing
some basic definitions and some known facts. In Section 3 we discuss Liau’s approach and present an
example which helps to motivate our work. In Section 4 we introduce the logics L1 and L2 and study
their semantics on structures with neighbourhood functions. As a main result we prove completeness
of the logics with respect to the given semantics. In Section 5 we draw conclusions and discuss future
work.

2 The Modal Logic KS

In 1976 Krister Segerberg [16] formulated a modal logic KS in which the diamond modality < is
interpreted as “somewhere else”. In this section we define the system KS and its semantics.

2.1 Syntax

The normal modal logic KS is defined in a standard modal language signature with infinite set of
propositional letters Prop = {p,q,r,..} and connectives A, 0, —. Formulas are built up inductively
according to the grammar:

pu=p| ¢ | oA | Do,

where p ranges over propositional symbols in Prop. The logical symbols ‘T’ and ‘_L’, and the additional
connectives such as ‘V’, ‘—’ and ‘<>’ and the dual modality ‘C’, are defined as usual, i.e., T :=pV —p
for some atomic proposition p; L := =T; ¢ V) := =(=p A —); ¢ — p := = Vi & ¢ := (o —
V) A (1 = ¢); and O := —~O-¢.

Axioms are all classical tautologies plus three axioms containing modal operators. Namely:
(K) O(p— q) — Op — Og;
(wd) OpAp— OOp;
(B) p—0OOp;  where Op = -0O-p.

2We ignore here the aspect of information exchange and a distinction that Demolombe makes between belief and strong
belief.

30nce communication is explicitly taken into account, various types of sincerity (and dishonesty) can be distinguished. For
a formal treatment, see [15].
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The directed graph represents a structure with @C‘

irreflexive points coloured grey and reflexive
points uncolored. As we can see yRx and xRy
but not y Ry, which contradicts transitivity but
not weak transitivity.

Figure 1:

Rules of inference are: Modus-ponens, Substitution and Necessitation.

Observe that doxastic interpretation of the axiom (B) states that If p is true then agent believes that
it is not the case that he believes negation of p. It is not difficult to show that if we add axion Op — p
to KS we will get S5. Following Smullyan [17] this means that if a KS - reasoner is accurate (never
believes any false proposition) then his beliefs coincide with his knowledge. A brief study of the axiom
w4 and in particular the logic KS can be found in [5].

2.2 Possible Worlds Semantics

We begin by recalling the main semantical concepts such as (possible worlds) model, satisfaction and
the validity of modal formulas. These definitions are standard and can be found in any modal logic book.
A (possible world) model is a pair M = (91, V'), where M = (W, R) is a frame, with W a non-empty
set of points or ‘worlds’ and R a binary relation on W; while V : W — 2" is the valuation function.
An interpretation of formulas is given by means of a binary relation, ‘I-*, between pointed models and
formulas. A pointed model is a pair (M, w), where M = (W, R, V) is a model and w a world from
W. The satisfaction relation is defined inductively on the structure of formulas ¢ as:

o (M,w) IFpiffwe V(p);

o (M, w) IF =) iff (M, w) I 1,

o (M, w) IF ¥ A xiff (M, w) IF 1 and (M, w) IF x;

o (M, w) IF Oy iff for all v € W with (w,v) € R, (M, v) I 1.

A formula ¢ is said to be frue at w in M if (M, w) |- ¢; ¢ is satisfiable if there is a pointed model
(M, w) at which it is true; ¢ is valid in M (written ‘M I+ ¢’) if (M, w) I+ ¢ for all w in M.

The semantics for the modal logic KS is provided by weakly-transitive and symmetric frames.
Below we give the definition of weakly-transitive relation.

Definition 1. We will say that a relation R C W x W is weakly-transitive if (Vx,y, z) (xRy A
yRz ANz # z = xR2).

Of course every transitive relation is weakly transitive as well. Moreover it is not difficult to notice
that weakly transitive relations differ from transitive ones just by the occurrence of irreflexive points
inside clusters. Figure 1 represents a frame which underlines the main difference between weakly
transitive and transitive frames.

In the study of modal logic the class of rooted frames plays a central role. Recall that a frame
9 = (W, R) is rooted if it contains a point w € W, which can see all other points in . That is
R(w) 2 W\ {w}, where R(w) is the set of all successors of w. The class of all rooted, weakly-
transitive and symmetric frames can be characterized by the property which we call weak - cluster.
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Definition 2. We will say that a relation R C W x W is weak-cluster if (Vx,y)(x # y = zRy).

It is easy to see that every weak-cluster is a universal relation where we allow irreflexive points. The
following proposition links weak-clusters with rooted, weakly-transitive, symmetric frames.

Proposition 3. A frame 9 = (W, R) is rooted, weakly-transitive and symmetric iff it is weak-cluster.

Proof. It is immediate that every weak-cluster is a rooted, weakly-transitive and symmetric frame. For
the other direction let 9t = (W, R) be a rooted, weakly-transitive and symmetric frame. Let w € W
be the root. Take two arbitrary distinct points z,y € W. As w is the root, we have: wRz and wRy.
Because of symmetry we get x Rw. Now as R is weakly-transitive, from x Rw A wRy and = # y we
get xRy. Hence R is a weak-cluster. O

So far we have defined the modal logic KS syntactically and we gave the definition of weak-cluster
relation. The following theorem links these two notions:

Theorem 4. [5] The modal logic KS is sound and complete w.r.t. the class of all finite, irreflexive
weak-cluster relations.

Mainly because of the theorem 4 the modal logic KS is called the modal logic of inequality. As the
reader can easily check the interpretation of box in irreflexive weak-clusters boils down to the following:
w IF O¢ iff (Vo) (w # v = v - ¢).

3 Some (brief) State of the Art

We first provide a short overview of the state of research on trust. Two main directions are involved.
Let us call them practical and foundational. The practical direction is related with the rise of virtual
communities such as online chat rooms, electronic markets, and virtual multiplayer game worlds. These
new spaces of interaction have challenged our accumulated wisdom on how agent interactions can occur.
Many aspects of these virtual communities have been extensively researched and trust and reputation
are widely described as central to effective interactions between agents [12].

The other, foundational direction, is, with some exceptions, even more recent. With an increasing
number of applied works, the need for a foundational background has grown and is being addressed at
the interface of philosophy and computer science. Many works on trust and reputation have adopted a
quantitative representation of these concepts. Trust and reputation are commonly simplified to a numer-
ical representation losing important properties of these concepts. Steps towards investigating founda-
tional properties (on the level of mathematical logic) as a bridge from philosophical foundations towards
the logical foundations of these concepts were made in [8]. Even earlier one of the pioneering works
on trust and information acquisition [9] succeeded in establishing interesting links between logical sys-
tems and some existing models in different branches of applied computer science. Both of the works
mentioned use modal logic as a background formalism, although they use logic in different ways. In [8]
the approach is more external: several different notions of trust are defined in terms of ’simpler’ notions
(modalities) such as knowledge, belief, choice etc. This allows one to distinguish on a formal level
different kinds of trust met in the philosophical literature. In [9] the approach is more infernal, i.e. the
trust modality is taken as a primitive notion and properties of trust are studied in terms of trust, belief
and information acquisition. In this paper we follow this second approach.
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3.1 Liau’s Approach

Let us recall Liau’s approach. The language of his logic BIT is a standard propositional language with
several modal operators of different types: information acquisition operators, trust operators and belief
operators I; ;, T; ; and O; respectively for each pair of distinct agents 4,7 € A. Each 0O; modality
satisfies the KD45 axioms and each I, ; modality satisfies the axioms of KD. i.e. we have O;(p —
q) = (Oip — 04q), Oip — 0;0ip, Oip — $ip, $ip — 0;<Op for each index ¢ and I; j(p — q) —
(I;,jp — I jq) and I; jp — —1I; j—p for each pair of indexes ¢, j. For the trust modalities T; ; there are
two main axiom schemes reflecting the following intuitive ideas:

1) agent ¢ trusts agent j if and only if agent ¢ believes that he trusts agent j. This is represented by
the axiom 75 ;p <> O;T; ;p.

2) If agent ¢ believes that the information p came from agent 7 and he trusts agent j about p then he
believes the information p. This is given by: O;1; ;p A T; ;p — O;p.

The second axiom provides a relation between trust and belief, although this connection is rather
between information acquisition operator and beliefs of agents. If we ignore the information acquisition
operator then the connection vanishes and trust and belief become totally independent from each other.
This is also reflected on semantical level.

The semantics of the logic BIT is provided by frames (W, R;, S; ;, u; ;) where W is a set of possible
worlds, each R; is transitive, serial and euclidean relation (KD45-relation), each S; ; is transitive and
serial relation (KD-relation) and each w; ; : W — PP (W) is a neighbourhood function that assigns
each world a family of sets of worlds. The main interesting novelty of the approach is to provide
semantics for the trust operator via neighbourhood functions.

Definition 5. A satisfaction of a formula in a given model M = (W, R;,S; j,u; ;,V) and a point
w € W is defined inductively as follows:

wlEpiffw e V(p);

w lF —aiff w Iff o

wlFaABiffwl- aandw - 5;

w Ik Oy iff (V') (wRw' = w' Ik a);

w - I jaiff (Vw' € W)(wS; ju" = w' Ik a);

w kT ;o iff o] € u; ;(w). Here |a| denotes the set {v € W | v I a}.

The axioms T; ;p <+ O;T; ;p and O;1; ;p A'T; jp — O;p define the following two properties,

wig(w) =[] ;) 3)

vER; (w)
SEui,j(w)/\RiOSm(w) QS:>Rz(w) cS; %)

Thus a frame is called a BIT-frame if the above two conditions hold. One of the main results of Liau’s
paper is the completeness of the logic BIT with respect to the given semantics.

Fact 6. [9] The logic BIT is sound and complete w.r.t. the class of all BIT frames.

Although the semantics is appealing and the idea to use neighborhood structures is useful for inter-
preting the trust modality, nevertheless there are some limitations. In our view the semantics is in some
sense too strong and in other respects too weak. The main issue concerns how trust relates to belief.
As we have just seen it is an axiom of Liau’s system that if an agent ¢ trusts an agent j with respect
to a proposition ¢ and moreover believes that the information that (¢ has been received from j, then ¢
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V(p)=U;
Rr @ u; j(w) = {U} for every w;
s

R;=5i;=25j:=R;

Figure 2:

believes . Nevertheless under these same conditions it does not follow that ¢ believes that 7 believes ¢,
nor even that ¢ believes that j disbelieves —p. This seems rather counter-intuitive.

To see this, let us consider the model from Figure 2. Let W = {s,¢t} U U where U is an arbitrary
set. Let R C W x W be defined as follows R = U x U U{(s,t), (t,t)}. Let R, = S, ; = S;; = Ri.e.
all relations are the same as R. Let u; ;(w) = {U} for each w € W. Let the proposition p be true at U
ie. V(p) =U.

It is easy to check that R is euclidean, transitive and serial, hence each I2; and S; ; is defined cor-
rectly. It is left to check that the frame defined in the example satisfies the above mentioned two frame
properties, (3) and (4). It is immediate that u; ;(w) = (,¢ Ri(w) Wi, j(v) since each point in W has a
successor (by each R;) and u; j(w) is constantly equal to U for each w € W. Now let us check the
other property. We consider two cases:

Case I (w = s or w = t) In this case R; 0 S; j(w) = {t} while u; j(w) = U and {t} € U hence
the implication (4) is satisfied.

Case 2 (w € U) In this case R; 0 S, j(w) = U and also u, ;(w) = U which means that the left hand
side of the implication (4) is satisfied. But in this case the right hand side is also trivially satisfied as
R;(w) = U. Thus we have checked that the frame satisfies all required properties. Therefore the model
M = (W, R;, S; j,ui j, V) belongs to the class of the BIT-models. Below in Proposition 7 we present
some properties of the model M. We will make use of an additional operator introduced by Liau, called
cautious trust and denoted by 77, p. It is defined by him as follows.

T ;p = Bi((Lijp = H;p) A (H;p = p)) (5)
Proposition7. e M, sl T; ;p — 0,;O,p;
o M,slfT;p— 0;0;p;
o M,slf (T;;p— TF;p) — 0;O4p;
o M, sl (T; ,p— Tfjp) — 0,0,p;

Proof. That M, s IF T; ;p is clear inasmuch as V(p) = w; j(s) = U. So for the first two items it is
left to show that the right hand sides of the implications are falsified. But this is trivial since the only
R;-successor of s is t and besides t is the only R; - successor of ¢ and ¢ |- —p. Now for the second
two items we are done if we show that s I- T} ;p — T;’;p. This amounts to showing that s I- T ,;p
since it holds that s [ T; ;p. This by definition of T7; means that every R;-successor of s should satisfy
(I;,jp — Ojp) A (Q;p — p). We know that ¢ is the only successor of s therefore we should check
that ¢ I- (I; jp — O;p) A (O;p — p). Now as ¢ J¥ p and as ¢ is the only R - successor of w (and
R = R; = S;;) we have that ¢ I I, ;p and ¢ ¥ O;p. Hence each implication in the conjunction is
satisfied. O

The following corollary directly follows from Fact 6 and Proposition 7.
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Corollary 8. The formulas T; jp — 0;$,p, T;;p — 0,0;p, (Ti;p — Tlfjp) — 0;0;p and
(T;,5p — T ;p) — 0;0;p are not provable in the logic BIT.

We note that the antecedent of the third and fourth implications, namely (75 D — Tif j p), is consid-
ered by Liau as an additional axiom (C5 in [9]) as a means to capture the cautious trust notion. So even
cautious trust in his system does not imply an assumption of honesty on the part of the trusted agent.
On the other hand, as Liau points out, it does imply the credibility condition T7°;p — O;p assuming that
DiI ij p-

In the remainder of the paper we study a system in which this behaviour of trust and cautious trust
from BIT is no longer to be found. In particular we introduce axioms which in an intuitive way connect
trust with the beliefs of agents in such a way that forms of honesty are assumed while credibility is not.
In the next section we define two logics L1 and L2 of trust where the information acquisition operator
no longer plays a role and we only focus on the interconnection of belief and trust. Despite this, due to
the new axioms, we have a strong connection between trust and belief both on syntactic and semantic
levels.

4 Logics for Trust

Our language will be an extension of KS for the multi-agent case together with added modalities for
trust. We take from [9] the idea of using neighbourhood structures, but we use a simpler language
without an information operator I;; and therefore concentrate only on the interrelation between trust and
belief. Based on this language we study two different logics, giving a semantics for each and proving
completeness theorems. As mentioned, we will assume that that the doxastic properties of agents follow
the KS axioms and not those of KD45.

4.1 Syntax and Semantics for the Logic of Trust L1

The normal modal logic L1 for a set of agents A is defined in a signature with an infinite set of proposi-
tional letters Prop = {p, ¢, r, ..} and connectives A, =, 0;, T; ; where 7, j belong to the set A. Formulas
are built up inductively according to the grammar:

pu=p | ¢ | oA | Big | Tijo;

where p ranges over propositional symbols in Prop and i, j belong to the set of agents A. The logical
symbols ‘T’ and ‘L’, and the additional connectives such as ‘V’, ‘=’ and ‘4>’ and the dual modality
‘O’, are defined in a standard way.

Axioms for the logic L1 are given by:

all classical tautologies;

e cach OJ; satisfies axioms of the logic KS;

E T p < 015 p;
o Ti,jp — DinPQ
for every distinct pair of agents ¢, j from A.

The rules of inference are: modus ponens, substitution, necessitation for each modality O; where
1 € A and the following rule
Fp<q
o (6)
= Tijp < Tijq
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for each T; ; with 4, j € A.

The intended interpretation of T; ;p carries the following idea: agent ¢ trusts agent j about the claim
p. In this setting the last two axioms seem very intuitive, in particular: agent ¢ trusts agent j about the
claim p if and only if agent 7 believes that he trusts agent 5 about p. Hence trust does not contradict
one’s belief in trust, and if agent ¢ trusts (the honesty of) agent j about p then ¢ believes that j does not
disbelieve p. These are the only restrictions we have on the interrelation between trust and belief and
appear to be very natural.

A semantics for L1 is provided by frames with weakly transitive and symmetric relations for inter-
preting belief modalities and neighborhood functions for interpreting trust modalities.

Definition 9. An L1-frame § is a tuple (W, R;, u; ;) fori,j € Aand i # j; where:
W is a set of possible worlds;
R; C W x W are weakly transitive and symmetric relations for eachi € A;

;5 : W — PP(W) are functions (neighborhood maps), such that the following conditions are
satisfied:

w; j(w) = ﬂveRi(w) u; ;(v), for every i, j € A where i # j; and
(Vw,u,U)((wRuand U € w; j(w)) = (v such that uR ;v and v € U));

An L1-model is a pair M = (§, V'), where § is a L1-frame and V : Prop — P(W) is a valuation
function.

To get a better feeling for the last two conditions in the definition of L1-models let us consider an
example. For simplicity we describe just a fragment of a model. Let W = Uy UU; UU3 UU4U{w, v, u}
and let R; = {(w,v), (w,u)}. We don’t specify in more detail the elements of each set U; since they
are not relevant for understanding the conditions. Let u; ;(w) = {U1, Ua}, u; ;(v) = {U1, Uz, U3} and
ui,j(u) = {Uy, Uz, Us}. Then the condition u; j(w) = (1, g, (u) Wi,j(v) is simplified to the following

u; (W) = u;,5(v) Ny j(2).

This holds for our example since {Uy,Us} = {Uy,Us, Us} N {U1, Uz, Uy}

To visualize the other condition let us take another model where W = U U {u, w}, R; = {(w,u)}
and Ry = {(u,v)}, where v is an element of U. Then the condition (Vw,u,U)((wR;u and U €
u; j(w)) = (Jv such that uR;v and v € U)) is satisfied for the specific w and u from our model.

Definition 10. Satisfaction of a formula in a given L1-model M = (§F,V) and a point w € W is
defined inductively as follows:

wlkpiffw e V(p),

w lF -« iffw I a,

wlFaABiffwlkaandwlF S,

w Ik O;a iff (Vo' € W)(wRw' = w' Ik ),

w kT, ;o iff |a| € u; ;(w). Here |a| denotes the truth set of aice. {v € W | v IF a}.

A formula is valid in a given L1-model if it is true at every point of the model. A formula is valid in

an L1-frame if it is valid in every model based on the frame. A formula is valid in a class of L1-frames
if it is valid in every frame in the class.
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L
h}f)\/z @ ui,j(w) = {U, U2}

Ui,j(‘U) = {Ul, Us, US}

@ uij(u) = {U1, Uz, Us}

Figure 3:

U Ry U
Rl\\@ wa(w) = {U}

w

Figure 4:

Theorem 11. The logic L1 is sound and complete with respect to the class of all L1-frames.

Proof. The soundness easily follows by direct check. For completeness, the proof is standard and
therefore we just give a sketch.

Let W be the set of all maximally consistent subsets of formulas in a logic L1. Let us define the
relations Ry and Ry on W in the following way: For every I', TV € W we define T'R;I" iff (Vo) (O, €
' = «a € TV), where i € A. The following lemma is proved in [5] when proving completeness of the
logic KS. It also directly follows from the Sahlqvist theorem and the observation that axioms of KS
characterize the class of all weakly-transitive and symmetric frames.

Lemma 12. [5] Each R; is weakly-transitive and symmetric.

So far we defined a set W with weakly transitive and symmetric relations I?; on it. Now we define
functions u; ; in the following way:

uij(T) = {T'|¢ € T} | T j¢ € T}
It immediately follows that u, ; are functions defined from W to PP (W). The valuation V is defined
in the following way: V(I') = {p € Prop | p € T'}.

Lemma 13 (Truth). For every formula o € L1 and every point I' € W of the canonical model, the
following equivalence holds: T' - a iff a € T'.

Proof. The proof goes by induction on the length of formula. Base case follows immediately from the
definition of valuation. Assume for all & € L1 with length less then £ holds: I' IF aiff € T'.

Let us prove the claim for o with length equal to k. If « is conjunction or negation of two formulas
then the result easily follows from the definition of satisfaction relation and the properties of maximal
consistent sets, so we skip the proofs. Assume o = 0,3 and assume I' I «. Take aset B = {7 | O;v €
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I'} U {—5}. The sub-claim is that B is inconsistent. Assume not, then there exists IV € W such that
I" O B. This by definition of the relation R; means that I'R;I”. Now as =3 € I", by the induction
hypothesis we get IV I =3. Hence we obtain a contradiction with our assumption that T" I- 0;5. So
B is inconsistent. This means that there exist v;,72,...7, € B such that = v Ay A .. A7y, — 6.
Applying the necessitation rule for O; we get = O;v1 A .. A Oz, — 0;8 so I' - 0,3, hence it follows
that 0,8 € I.

We just showed the left-to-right direction of our claim for @« = O; 3. For the right-to-left implication
assume that 0;8 € I". From the definition of R; for every I'” with ' R;I"” we have 3 € I". From this by
the inductiion hypothesis it follows that TV I 5. So we conclude that T" I- O;.

Now assume o = T; j¢. Assume I' I T; ;¢. By definition this means that |¢| € u; ;(I"). Hence
there exists 3 such that {I"’|3 € T} = |¢| with T; ;8 € T". This means that we have - § <> ¢ in L1.
Hence by the rule for trust modality we have = T; ;5 <+ T; ;¢. But the last implies that T; ;¢ € T'.

Conversely assume that T; ;¢ € I this implies that {I'"|¢ € T} € u; ;(I"). Now by the induction
hypothesis we know that I' I ¢ iff ¢ € I hence |¢| € u; ;(T'). Hence I' IF T; ;¢. O

Now let us show that the model we constructed falls into the class of L1-models. Let us first show

the equality:
wigM) =[] wiy(@).
I"eR;(T)

Assume X € u; ;(I'). This means that X is of the form {I"’|¢ € I’} for some ¢ with T; ;¢ € T..
Because of the L1 axioms and because I' is a maximally consistent set, it follows that O,T; ;¢ € T
From this we can conclude that T; ;¢ € I for every I'" € R;(I"). Now by the definition of w; ; this
means that {I"|¢ € I'"'} € w; ;(I") and as I was arbitrary member of R,(I"), we get that X = {I'"|¢ €
I} € Nrver,ry i (1)

Conversely assume some set X C W belongs to (p ¢ (1) Ui,j (T"). By definition this means
that there exists a formula ¢ such that T} j¢ € (\pcpg, " and X = {I'"|¢ € I""}. Now, since
(VI")(TR;I" = T, ;¢ € I), by the truth lemma we obtain that (VI'')(I"'R,I” = I" IF T; ;¢). Hence
I' IF O,T; j¢. Applying the axioms for the trust modality we can infer that I' I~ T} ;¢ and hence
X € u; ;(I"). This completes the proof.

It remains to show the last property, ie., that for every I', T" € W and for every U C W from I'R;I”
and U € wu; ;(T), there exists I'” such that IVR;I" and I € U. Assume I'R;,I" and U € u; ;(I").
The last, by the definition of u; ;, implies that there is a formula ¢ such that T; ;¢ € T'and U = {¥ €
W | ¢ € £}. By the axiom T; ;¢ — 0,00, we get ;¢ € T and, since I'R,I”, we can infer that
¢ € I'. Now by a standard argument the set {¢ | O;¢ € I} U {¢} is consistent. Therefore there is
a maximal consistent set I'” containing it. Thus we infer that I"R;I" and ¢ € I'”, which; implies that
I'"eU.

O

4.2 Syntax and Semantics for the Logic of Trust L2

Let us consider another logic of trust in which we vary the assumption of honesty. The only difference
with the logic of trust from previous section is in the last axiom 75 ;p — 0;<;p. We replace this axiom
by the axiom T; ;p — 0;0;p which informally says that if agent ¢ trusts agent j about p then ¢ believes
that j believes that p. The language is the same as in previous section. The axioms for the logic L2 are
thus given by:

e all classical tautologies;

e cach 0J; satisfies axioms of the logic KS;
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o FT;;p < 0Ty p;
for every distinct pair of agents i, j from A;

As before the rules of inference are: modus ponens, substitution, necessitation for each modality O;
where 7 € A and the rule (6):
Fp<rq
=Tip < Tijq
for each T; ; with 4, j € A.

Semantics is provided again by frames with weakly transitive and symmetric relations for interpret-
ing belief modalities and neighbourhood functions for interpreting trust modalities.

Definition 14. A L2-frame § is a tuple (W, R;, w; ;) fori € Aand i # j, where:
W is a set of possible worlds;

R; CW x W are weakly transitive and symmetric relations for each i € A;

w;j : W — PP(W) are functions (neighbourhood maps), such that the following conditions are
satisfied:

;i (W) = Nyer, (w) Wiy (V). for every i, j € A where i # j: and

VU C W)Vw € W)(U € u;;(w) - R; o Rj(w) C U) where R; o R;(w) is a set of points
reachable from w by the relation R; o R;;

AnL2-model is a pair M = (§, V'), where § is an L2-frame andV : Prop — P(W) is a valuation
function. Satisfaction and validity of a formula in a given L2-model M = (§,V') and at a point w € W
is defined in a standard way.

The first condition on neighbourhood maps is the same as for the logic L1. To make the second
condition more intuitive let us again consider an example, see the diagram below. Let W = U U
{u,w,v,t}, Ry = {(w,u)} and Ry = {(u,v), (u,t)} where v is an element of U while ¢ is not, let
u1,2(w) = U. Then the condition (YU C W,Vw € W)(U € w; j(w) — R; o R;j(w) C U) is not
satisfied because Ry o Ry(w) = {v,t} and {v,t} Z U; while it would be satisfied if ¢ were an element

of U.
U
B\ &@ usaw) = {U}
u] .

Figure 5:

Theorem 15. The logic L2 is sound and complete with respect to the class of all L2-frames.
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Proof. The proof is analogous to that for the logic L1 therefore we just present the case involving the
new axiom T; ;p — 0;0;p, i.e., we show that the canonical model for L2 has the property that for every
U C W and for each point I' € W if U € u; ;(I") then R; o R;(I') C U. Assume that U € u, ;(T').
This by definition means that there is a formula ¢ such that T; ;¢ € T'and U = {¥ € W | ¢ € ¥}. By
axiom T; ;¢ — 0;0,¢ we get 0,0,¢ € I'. This implies that for each R; - successor I'' of I we have
O,¢ € I' which on its own implies that for each R;-successor I’ of I'” we have ¢ € I'. Hence for
eachI € R; o R;(I") it holds that ¢ € I'"". The last by the definition of w; ; means that I € U.

O

5 Conclusions

We have made a contribution to the study of the logic of trust by considering some systems involving
trust and belief and their interrelations. We have seen that in an interesting approach adopted by Liau in
[9] one agent’s trust in another does not generally imply an assumption of honesty, though it does, given
a suitable information flow, imply credibility. In our alternative logics for trust, we have considered
two types of assumptions of honesty that are independent of any credibility assumption. In one case
the assumption is that if ¢ trusts j about a proposition p, then ¢ believes that j is not deceitful and
does not disbelieve p. In the other case, there is a positive assumption of honesty or sincerity in the
sense that ¢ believes that j believes p. Using the logic KS to model beliefs, these two assumptions are
actually independent. In a stronger doxastic logic containing axiom D, the former assumption would
be a consequence of the latter. Although we have preferred to take KS as a base logic here, similar
completeness results would hold if KSD or even KD45 would be used.

It remains for future work to be seen how these logics might accommodate other types of trust/belief
relations, such as credibility and other conditions considered for example by [3].
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