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Abstract

In 2016, Patel and Mishra introduce the operators which is generalization of well-known Szasz-
Mirakyan operators. In this manuscript, we have discussed Voronovskaja asymptotic of Stancu type
generalization of the operators defined by Patel and Mishra.
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1. Introduction

Using Lagrange’s formula, Patel and Mishra [1] defined the following sequence of positive linear
operators, for f € C([O, 00)); 0<u<l;li<y<eas

[wy] C k (1)
P (fx) = Z Wn,y (k; nx) f (;)
k=0
where
y—(nx+ky)
wny (k) = nx(log ) (nx + k)™ —re—

In particular y = e, the operators (1) reduce to Jain operators [2]. Also, if y = e and u = 0 then, the

operators P,E” 2 equal to the classical Szasz-Mirakyan operators [3]. Approximation properties of the
Szasz-Mirakyan operators, Jain operators and their generalizations was discussed by many authors. We
mention that, approximation properties of the integral generalization of Szasz-Mirakyan operators
discussed in [4, 5] and integral type generalization of Jain operators discussed in [6, 7, 8]. The
generalization of Szasz-Mirakyan operators based on g-integer was established in [9, 10, 11]. This
research proved that the Szasz-Mirakyan operators and their generalization have many interesting
approximation properties.
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In 1983, the following type generalization of Bernstein polynomial was established by Stancu in [12]

and studied the positive linear operators S:'B: €([0,1]) —» €([0,1]) defined for any f € C([0,1]) as
follows:

5e7(f ) —Zp(nm 1 (ig) 0sx=1,

where P, (%) = (Z) x*(1 — x)™ *is the Bernstein basis function. After the work of Stancu many

researcher work in this direction. The recent work on such type of operators can be found in [13, 14, 15,
16, 17, 18, 19, 20, 21]. This motivated us to generalize the operators (1) in the following way, for f €
C([0,0);0<u<11<y<eld<a<p as

P[p_yaﬁ (f;x) = any(k nx)f (k+ a)

where w,, (k;nx) as defined in (3). The above generalization known as Stancu type generalization of

@

the operators (1). In particular « = § = 0, the operators (2) reduce to the operators Pn[” ",

2. Some Lemmas

To discuss moments of the operators (2), we need following lemmas:
Lemma 1([/]). The operators P,[”'Y], n > 1, defined by (1) satisfy the following relations:

1. P, %) = 15

uy xlogy |
2.7 (tx) = Talogy’

[yl 2 _  x*(logy)* xlogy |
SR G x)_(l—uloyy)2 n(1-plogy)3’

4 P[”y](t3 x) = = 3(log v)® 3x2(log ¥)? xlogy(A+2ulogy+ *(logy)®-2u*(logy)*)
(1-plogy)® = n(1-plogy)* n?(1-ulogy)®

5 P[uy] (t4 %) = = *(log y)* 6x*(log y)* x2(logy)* (7+8ulogy+ *(logy)®-2u*(logn)*)
’ (1-plogy)*  n(l-plogy)s n?(1-plogy)®

xlog V(l +8ulogy + 6u(logy)* + (12u*(log v)* — 16p>(log y)* + 6u°(log y)*)(1 — logy ))
* n3(1—plogy)”

PrEu.y,a.B]

Lemma 2. The operators ,n > 1, defined by (1) satisfy the following relations:

1. BFrePl(1,x) = 1;

[wy.aB] nxlogy+a(l-plo )
2. h (tx) = m+p)(1-plo ) '

2x2(logy)? nxlog (1+2a) a
3 pleraBliz oy nx"(ogy _ .
n (t%,2) (n+p)2(1-plogy)?  (m+P)2(1-plogy)  (n+p)?

2

Proof. It is clear that P,E”'y'“'ﬁ ! (1,x) = 1. By simple computation, we get
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no oy a  nxlogy +a(l—pulogy)
) "R 0 T s B alogy)

pIraBl (e ) = any(k nx)(

2
Now, Pn[”'y'a'm(tz,x) Yoo W,y (k; nx) (k+a)

N plin ez ) ¢ 2 plin gy 4
(n+ﬁ)2 (n +ﬁ)2 (n+ pB)?
n?x%(logy)? nxlogy (1 + 2a) a?

T (n+ B —pulogy)? (n+p2A—plogy)  (n+p)*
we have the desired result.

Remark 1. Forall m € N,0 < a < f; we have the following recursive relation for the images of
the monomials t™ under P, ey @Bl ) in terms of PN x), j=01,2,..,mas

m nfa -J
=0

Remark 2. We have

(wy.a.8] [y.af] n(logy — 1+ ulogy) — (1 — ulog V)) a
o, x) =P t—x,x)=x ;
n e =h ( ) ( (n+ B)(1 — plogy) (n+B)

Wiﬂl%aﬁ](x) — Piltll’ﬂ,ﬁ]((t —x)2,%) i
e ((ﬁ(l —ulogy) +n(1 —logy — pulogy)) )

(n+ B)*(1 — pulogy)?
(n((l + 2a + 2au) logy — Za))

i (n+ B)2(1— ulogy)

2

+x< —2af(1 —plogy) ) a
(n+p)*(1 —plogy))  (n+p)*

3. Voronovskaja Type Theorem

In this section, we establish the asymptotic formula for the operators Pn[”’y’a’ﬁ 1,

Theorem 1. For b > 0,u, € (0,1) such that nu, » [ € Randy, € (1,e) such that y, — e(Euler
number). Then for every f € C([0,b]), f', f exists at a fixed point x € (0, b), we have

(P +2B)x + Dx
2

lim n (BT P, x) = F()) = (@t (L= BROf () + )

n—-oo

Proof. Let x € (0, b) be fixed. From the Taylor's theorem, we may write

1 “4)
f@ =f0) + € =0f () + 5 =0°f"0) + (60— %)%

where r(t, x) is the peano form of the remainder and ltim r(t,x) =0.
—X

P [wy,a.B]

Applying B, on the both side of equation (4), we have
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1
n (Pn[ll']/.a.ﬁ] (f: X) _ f(X)> — nf/(x)(pr[ll‘-']/.aﬁ](x) + Enfu(x)w‘ry‘-r%aﬁ](x).
In view of Remark 1, we have

lim nd“Y*Fl(x) = a + (1 - B)x; )
n—-oo

lim n Pl () = (12 + 28)x + Dx. (6)

n—-oo
Now, we shall show that
limn P,E”’y'a'ﬁ] (r(t,x)(t —x)%x) =0.
n—-oo
By using Cauchy-Schwarz inequality, we have

1 1 %)
PP (e, 0)(c - 0% ) < (BP0 00,0 ) (B - 0% 0 ).

We observe that r2(x,x) = 0 and r2(-,x) € C([0, b]). Then, it follows that

lim P,E”’y'a'ﬁ] (r%(t,x),x) =1r%(x,x) =0, (®)
n—oo
in view of the fact that Pn[”’y’a’ﬁ I(t-x0%%) =0 (%)
Now, from (7) and (8), we obtain
lim nP,,E”’y’“’B] (r(t, x)(t —x)?,x) = 0. ()]
n—oo

From (5), (6) and (9), we get the required result.
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